Chapter 2

Data Preparation

“Success depends upon previous preparation, and without such
preparation there is sure to be failure.”—Confucius

2.1

Introduction

The raw format of real data is usually widely variable. Many values may be missing, inconsistent across diﬀerent data sources, and erroneous. For the analyst, this leads to numerous
challenges in using the data eﬀectively. For example, consider the case of evaluating the
interests of consumers from their activity on a social media site. The analyst may ﬁrst
need to determine the types of activity that are valuable to the mining process. The activity might correspond to the interests entered by the user, the comments entered by the
user, and the set of friendships of the user along with their interests. All these pieces of
information are diverse and need to be collected from diﬀerent databases within the social
media site. Furthermore, some forms of data, such as raw logs, are often not directly usable
because of their unstructured nature. In other words, useful features need to be extracted
from these data sources. Therefore, a data preparation phase is needed.
The data preparation phase is a multistage process that comprises several individual
steps, some or all of which may be used in a given application. These steps are as follows:
1. Feature extraction and portability: The raw data is often in a form that is not suitable for processing. Examples include raw logs, documents, semistructured data, and
possibly other forms of heterogeneous data. In such cases, it may be desirable to
derive meaningful features from the data. Generally, features with good semantic
interpretability are more desirable because they simplify the ability of the analyst
to understand intermediate results. Furthermore, they are usually better tied to the
goals of the data mining application at hand. In some cases where the data is obtained
from multiple sources, it needs to be integrated into a single database for processing.
In addition, some algorithms may work only with a speciﬁc data type, whereas the
data may contain heterogeneous types. In such cases, data type portability becomes
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important where attributes of one type are transformed to another. This results in a
more homogeneous data set that can be processed by existing algorithms.
2. Data cleaning: In the data cleaning phase, missing, erroneous, and inconsistent entries
are removed from the data. In addition, some missing entries may also be estimated
by a process known as imputation.
3. Data reduction, selection, and transformation: In this phase, the size of the data is
reduced through data subset selection, feature subset selection, or data transformation. The gains obtained in this phase are twofold. First, when the size of the data is
reduced, the algorithms are generally more eﬃcient. Second, if irrelevant features or
irrelevant records are removed, the quality of the data mining process is improved. The
ﬁrst goal is achieved by generic sampling and dimensionality reduction techniques. To
achieve the second goal, a highly problem-speciﬁc approach must be used for feature
selection. For example, a feature selection approach that works well for clustering may
not work well for classiﬁcation.

Some forms of feature selection are tightly integrated with the problem at hand. Later
chapters on speciﬁc problems such as clustering and classiﬁcation will contain detailed
discussions on feature selection.
This chapter is organized as follows. The feature extraction phase is discussed in Sect. 2.2.
The data cleaning phase is covered in Sect. 2.3. The data reduction phase is explained in
Sect. 2.4. A summary is given in Sect. 2.5.

2.2

Feature Extraction and Portability

The ﬁrst phase of the data mining process is creating a set of features that the analyst can
work with. In cases where the data is in raw and unstructured form (e.g., raw text, sensor
signals), the relevant features need to be extracted for processing. In other cases where a
heterogeneous mixture of features is available in diﬀerent forms, an “oﬀ-the-shelf” analytical
approach is often not available to process such data. In such cases, it may be desirable to
transform the data into a uniform representation for processing. This is referred to as data
type porting.

2.2.1

Feature Extraction

The ﬁrst phase of feature extraction is a crucial one, though it is very application speciﬁc.
In some cases, feature extraction is closely related to the concept of data type portability,
where low-level features of one type may be transformed to higher-level features of another
type. The nature of feature extraction depends on the domain from which the data is drawn:
1. Sensor data: Sensor data is often collected as large volumes of low-level signals, which
are massive. The low-level signals are sometimes converted to higher-level features
using wavelet or Fourier transforms. In other cases, the time series is used directly
after some cleaning. The ﬁeld of signal processing has an extensive literature devoted
to such methods. These technologies are also useful for porting time-series data to
multidimensional data.
2. Image data: In its most primitive form, image data are represented as pixels. At a
slightly higher level, color histograms can be used to represent the features in diﬀerent segments of an image. More recently, the use of visual words has become more
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popular. This is a semantically rich representation that is similar to document data.
One challenge in image processing is that the data are generally very high dimensional. Thus, feature extraction can be performed at diﬀerent levels, depending on the
application at hand.
3. Web logs: Web logs are typically represented as text strings in a prespeciﬁed format.
Because the ﬁelds in these logs are clearly speciﬁed and separated, it is relatively easy
to convert Web access logs into a multidimensional representation of (the relevant)
categorical and numeric attributes.
4. Network traﬃc: In many intrusion-detection applications, the characteristics of the
network packets are used to analyze intrusions or other interesting activity. Depending
on the underlying application, a variety of features may be extracted from these
packets, such as the number of bytes transferred, the network protocol used, and so
on.
5. Document data: Document data is often available in raw and unstructured form, and
the data may contain rich linguistic relations between diﬀerent entities. One approach
is to remove stop words, stem the data, and use a bag-of-words representation. Other
methods use entity extraction to determine linguistic relationships.
Named-entity recognition is an important subtask of information extraction. This
approach locates and classiﬁes atomic elements in text into predeﬁned expressions
of names of persons, organizations, locations, actions, numeric quantities, and so on.
Clearly, the ability to identify such atomic elements is very useful because they can be
used to understand the structure of sentences and complex events. Such an approach
can also be used to populate a more conventional database of relational elements or
as a sequence of atomic entities, which is more easily analyzed. For example, consider
the following sentence:
Bill Clinton lives in Chappaqua.
Here, “Bill Clinton” is the name of a person, and “Chappaqua” is the name of a
place. The word “lives” denotes an action. Each type of entity may have a diﬀerent
signiﬁcance to the data mining process depending on the application at hand. For
example, if a data mining application is mainly concerned with mentions of speciﬁc
locations, then the word “Chappaqua” needs to be extracted.
Popular techniques for named entity recognition include linguistic grammar-based
techniques and statistical models. The use of grammar rules is typically very eﬀective,
but it requires work by experienced computational linguists. On the other hand, statistical models require a signiﬁcant amount of training data. The techniques designed
are very often domain-speciﬁc. The area of named entity recognition is vast in its own
right, which is outside the scope of this book. The reader is referred to [400] for a
detailed discussion of diﬀerent methods for entity recognition.
Feature extraction is an art form that is highly dependent on the skill of the analyst to
choose the features and their representation that are best suited to the task at hand. While
this particular aspect of data analysis typically belongs to the domain expert, it is perhaps
the most important one. If the correct features are not extracted, the analysis can only be
as good as the available data.
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2.2.2

Data Type Portability

Data type portability is a crucial element of the data mining process because the data is
often heterogeneous, and may contain multiple types. For example, a demographic data
set may contain both numeric and mixed attributes. A time-series data set collected from
an electrocardiogram (ECG) sensor may have numerous other meta-information and text
attributes associated with it. This creates a bewildering situation for an analyst who is now
faced with the diﬃcult challenge of designing an algorithm with an arbitrary combination
of data types. The mixing of data types also restricts the ability of the analyst to use
oﬀ-the-shelf tools for processing. Note that porting data types does lose representational
accuracy and expressiveness in some cases. Ideally, it is best to customize the algorithm
to the particular combination of data types to optimize results. This is, however, timeconsuming and sometimes impractical.
This section will describe methods for converting between various data types. Because
the numeric data type is the simplest and most widely studied one for data mining algorithms, it is particularly useful to focus on how diﬀerent data types may be converted to
it. However, other forms of conversion are also useful in many scenarios. For example, for
similarity-based algorithms, it is possible to convert virtually any data type to a graph and
apply graph-based algorithms to this representation. The following discussion, summarized
in Table 2.1, will discuss various ways of transforming data across diﬀerent types.
2.2.2.1

Numeric to Categorical Data: Discretization

The most commonly used conversion is from the numeric to the categorical data type.
This process is known as discretization. The process of discretization divides the ranges of
the numeric attribute into φ ranges. Then, the attribute is assumed to contain φ diﬀerent
categorical labeled values from 1 to φ, depending on the range in which the original attribute
lies. For example, consider the age attribute. One could create ranges [0, 10], [11, 20], [21, 30],
and so on. The symbolic value for any record in the range [11, 20] is “2” and the symbolic
value for a record in the range [21, 30] is “3”. Because these are symbolic values, no ordering
is assumed between the values “2” and “3”. Furthermore, variations within a range are
not distinguishable after discretization. Thus, the discretization process does lose some
information for the mining process. However, for some applications, this loss of information is
not too debilitating. One challenge with discretization is that the data may be nonuniformly
distributed across the diﬀerent intervals. For example, for the case of the salary attribute,
a large subset of the population may be grouped in the [40, 000, 80, 000] range, but very
few will be grouped in the [1, 040, 000, 1, 080, 000] range. Note that both ranges have the
same size. Thus, the use of ranges of equal size may not be very helpful in discriminating
between diﬀerent data segments. On the other hand, many attributes, such as age, are not
as nonuniformly distributed, and therefore ranges of equal size may work reasonably well.
The discretization process can be performed in a variety of ways depending on applicationspeciﬁc goals:
1. Equi-width ranges: In this case, each range [a, b] is chosen in such a way that b − a
is the same for each range. This approach has the drawback that it will not work for
data sets that are distributed nonuniformly across the diﬀerent ranges. To determine
the actual values of the ranges, the minimum and maximum values of each attribute
are determined. This range [min, max] is then divided into φ ranges of equal length.
2. Equi-log ranges: Each range [a, b] is chosen in such a way that log(b) − log(a) has the
same value. This kinds of range selection has the eﬀect of geometrically increasing
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Table 2.1: Portability of diﬀerent data types
Source data type Destination data type
Methods
Numeric
Categorical
Discretization
Categorical
Numeric
Binarization
Text
Numeric
Latent semantic analysis (LSA)
Time series
Discrete sequence
SAX
Time series
Numeric multidimensional
DWT, DFT
Discrete sequence
Numeric multidimensional
DWT, DFT
Spatial
Numeric multidimensional
2-d DWT
Graphs
Numeric multidimensional
MDS, spectral
Any type
Graphs
Similarity graph
(Restricted applicability)
ranges [a, a · α], [a · α, a · α2 ], and so on, for some α > 1. This kind of range may be
useful when the attribute shows an exponential distribution across a range. In fact,
if the attribute frequency distribution for an attribute can be modeled in functional
form, then a natural approach would be to select ranges [a, b] such that f (b) − f (a)
is the same for some function f (·). The idea is to select this function f (·) in such a
way that each range contains an approximately similar number of records. However,
in most cases, it is hard to ﬁnd such a function f (·) in closed form.
3. Equi-depth ranges: In this case, the ranges are selected so that each range has an
equal number of records. The idea is to provide the same level of granularity to each
range. An attribute can be divided into equi-depth ranges by ﬁrst sorting it, and
then selecting the division points on the sorted attribute value, such that each range
contains an equal number of records.
The process of discretization can also be used to convert time-series data to discrete sequence
data.
2.2.2.2

Categorical to Numeric Data: Binarization

In some cases, it is desirable to use numeric data mining algorithms on categorical data.
Because binary data is a special form of both numeric and categorical data, it is possible
to convert the categorical attributes to binary form and then use numeric algorithms on
the binarized data. If a categorical attribute has φ diﬀerent values, then φ diﬀerent binary
attributes are created. Each binary attribute corresponds to one possible value of the categorical attribute. Therefore, exactly one of the φ attributes takes on the value of 1, and the
remaining take on the value of 0.
2.2.2.3

Text to Numeric Data

Although the vector-space representation of text can be considered a sparse numeric data
set with very high dimensionality, this special numeric representation is not very amenable
to conventional data mining algorithms. For example, one typically uses specialized similarity functions, such as the cosine, rather than the Euclidean distance for text data. This
is the reason that text mining is a distinct area in its own right with its own family of
specialized algorithms. Nevertheless, it is possible to convert a text collection into a form
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that is more amenable to the use of mining algorithms for numeric data. The ﬁrst step is
to use latent semantic analysis (LSA) to transform the text collection to a nonsparse representation with lower dimensionality. Furthermore, after transformation, each document
X = (x1 . . . xd ) needs to be scaled to √d1 2 (x1 . . . xd ). This scaling is necessary to ensure
i=1

xi

that documents of varying length are treated in a uniform way. After this scaling, traditional
numeric measures, such as the Euclidean distance, work more eﬀectively. LSA is discussed
in Sect. 2.4.3.3 of this chapter. Note that LSA is rarely used in conjunction with this kind
of scaling. Rather, traditional text mining algorithms are directly applied to the reduced
representation obtained from LSA.
2.2.2.4

Time Series to Discrete Sequence Data

Time-series data can be converted to discrete sequence data using an approach known as
symbolic aggregate approximation (SAX). This method comprises two steps:
1. Window-based averaging: The series is divided into windows of length w, and the
average time-series value over each window is computed.
2. Value-based discretization: The (already averaged) time-series values are discretized
into a smaller number of approximately equi-depth intervals. This is identical to the
equi-depth discretization of numeric attributes that was discussed earlier. The idea is
to ensure that each symbol has an approximately equal frequency in the time series.
The interval boundaries are constructed by assuming that the time-series values are
distributed with a Gaussian assumption. The mean and standard deviation of the
(windowed) time-series values are estimated in the data-driven manner to instantiate
the parameters of the Gaussian distribution. The quantiles of the Gaussian distribution are used to determine the boundaries of the intervals. This is more eﬃcient than
sorting all the data values to determine quantiles, and it may be a more practical
approach for a long (or streaming) time series. The values are discretized into a small
number (typically 3 to 10) of intervals for the best results. Each such equi-depth interval is mapped to a symbolic value. This creates a symbolic representation of the time
series, which is essentially a discrete sequence.
Thus, SAX might be viewed as an equi-depth discretization approach after window-based
averaging.
2.2.2.5

Time Series to Numeric Data

This particular transformation is very useful because it enables the use of multidimensional
algorithms for time-series data. A common method used for this conversion is the discrete
wavelet transform (DWT). The wavelet transform converts the time series data to multidimensional data, as a set of coeﬃcients that represent averaged diﬀerences between diﬀerent
portions of the series. If desired, a subset of the largest coeﬃcients may be used to reduce
the data size. This approach will be discussed in Sect. 2.4.4.1 on data reduction. An alternative method, known as the discrete Fourier transform (DFT), is discussed in Sect. 14.2.4.2
of Chap. 14. The common property of these transforms is that the various coeﬃcients are
no longer as dependency oriented as the original time-series values.
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Discrete Sequence to Numeric Data

This transformation can be performed in two steps. The ﬁrst step is to convert the discrete
sequence to a set of (binary) time series, where the number of time series in this set is equal
to the number of distinct symbols. The second step is to map each of these time series
into a multidimensional vector using the wavelet transform. Finally, the features from the
diﬀerent series are combined to create a single multidimensional record.
To convert a sequence to a binary time series, one can create a binary string in which
the value denotes whether or not a particular symbol is present at a position. For example,
consider the following nucleotide sequence, which is drawn on four symbols:
ACACACTGTGACTG
This series can be converted into the following set of four binary time series corresponding
to the symbols A, C, T, and G, respectively:
10101000001000
01010100000100
00000010100010
00000001010001
A wavelet transformation can be applied to each of these series to create a multidimensional
set of features. The features from the four diﬀerent series can be appended to create a single
numeric multidimensional record.
2.2.2.7

Spatial to Numeric Data

Spatial data can be converted to numeric data by using the same approach that was used for
time-series data. The main diﬀerence is that there are now two contextual attributes (instead
of one). This requires modiﬁcation of the wavelet transformation method. Section 2.4.4.1
will brieﬂy discuss how the one-dimensional wavelet approach can be generalized when there
are two contextual attributes. The approach is fairly general and can be used for any number
of contextual attributes.
2.2.2.8

Graphs to Numeric Data

Graphs can be converted to numeric data with the use of methods such as multidimensional scaling (MDS) and spectral transformations. This approach works for those applications where the edges are weighted, and represent similarity or distance relationships
between nodes. The general approach of MDS can achieve this goal, and it is discussed
in Sect. 2.4.4.2. A spectral approach can also be used to convert a graph into a multidimensional representation. This is also a dimensionality reduction scheme that converts
the structural information into a multidimensional representation. This approach will be
discussed in Sect. 2.4.4.3.
2.2.2.9

Any Type to Graphs for Similarity-Based Applications

Many applications are based on the notion of similarity. For example, the clustering problem
is deﬁned as the creation of groups of similar objects, whereas the outlier detection problem
is deﬁned as one in which a subset of objects diﬀering signiﬁcantly from the remaining
objects are identiﬁed. Many forms of classiﬁcation models, such as nearest neighbor classiﬁers, are also dependent on the notion of similarity. The notion of pairwise similarity can
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be best captured with the use of a neighborhood graph. For a given set of data objects
O = {O1 . . . On }, a neighborhood graph is deﬁned as follows:
1. A single node is deﬁned for each object in O. This is deﬁned by the node set N ,
containing n nodes where the node i corresponds to the object Oi .
2. An edge exists between Oi and Oj , if the distance d(Oi , Oj ) is less than a particular
threshold . Alternatively, the k-nearest neighbors of each node may be used. Because
the k-nearest neighbor relationship is not symmetric, this results in a directed graph.
The directions on the edges are ignored, and the parallel edges are removed. The
weight wij of the edge (i, j) is equal to a kernelized function of the distance between
the objects Oi and Oj , so that larger weights indicate greater similarity. An example
is the heat kernel:
2
2
(2.1)
wij = e−d(Oi ,Oj ) /t
Here, t is a user-deﬁned parameter.
A wide variety of data mining algorithms are available for network data. All these methods
can also be used on the similarity graph. Note that the similarity graph can be crisply
deﬁned for data objects of any type, as long as an appropriate distance function can be
deﬁned. This is the reason that distance function design is so important for virtually any
data type. The issue of distance function design will be addressed in Chap. 3. Note that
this approach is useful only for applications that are based on the notion of similarity or
distances. Nevertheless, many data mining problems are directed or indirectly related to
notions of similarity and distances.

2.3

Data Cleaning

The data cleaning process is important because of the errors associated with the data
collection process. Several sources of missing entries and errors may arise during the data
collection process. Some examples are as follows:
1. Some data collection technologies, such as sensors, are inherently inaccurate because
of the hardware limitations associated with collection and transmission. Sometimes
sensors may drop readings because of hardware failure or battery exhaustion.
2. Data collected using scanning technologies may have errors associated with it because
optical character recognition techniques are far from perfect. Furthermore, speech-totext data is also prone to errors.
3. Users may not want to specify their information for privacy reasons, or they may
specify incorrect values intentionally. For example, it has often been observed that
users sometimes specify their birthday incorrectly on automated registration sites
such as those of social networks. In some cases, users may choose to leave several
ﬁelds empty.
4. A signiﬁcant amount of data is created manually. Manual errors are common during
data entry.
5. The entity in charge of data collection may not collect certain ﬁelds for some records,
if it is too costly. Therefore, records may be incompletely speciﬁed.
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The aforementioned issues may be a signiﬁcant source of inaccuracy for data mining applications. Methods are needed to remove or correct missing and erroneous entries from the
data. There are several important aspects of data cleaning:
1. Handling missing entries: Many entries in the data may remain unspeciﬁed because of
weaknesses in data collection or the inherent nature of the data. Such missing entries
may need to be estimated. The process of estimating missing entries is also referred
to as imputation.
2. Handling incorrect entries: In cases where the same information is available from
multiple sources, inconsistencies may be detected. Such inconsistencies can be removed
as a part of the analytical process. Another method for detecting the incorrect entries
is to use domain-speciﬁc knowledge about what is already known about the data.
For example, if a person’s height is listed as 6 m, it is most likely incorrect. More
generally, data points that are inconsistent with the remaining data distribution are
often noisy. Such data points are referred to as outliers. It is, however, dangerous
to assume that such data points are always caused by errors. For example, a record
representing credit card fraud is likely to be inconsistent with respect to the patterns
in most of the (normal) data but should not be removed as “incorrect” data.
3. Scaling and normalization: The data may often be expressed in very diﬀerent scales
(e.g., age and salary). This may result in some features being inadvertently weighted
too much so that the other features are implicitly ignored. Therefore, it is important
to normalize the diﬀerent features.
The following sections will discuss each of these aspects of data cleaning.

2.3.1

Handling Missing Entries

Missing entries are common in databases where the data collection methods are imperfect.
For example, user surveys are often unable to collect responses to all questions. In cases
where data contribution is voluntary, the data is almost always incompletely speciﬁed. Three
classes of techniques are used to handle missing entries:
1. Any data record containing a missing entry may be eliminated entirely. However, this
approach may not be practical when most of the records contain missing entries.
2. The missing values may be estimated or imputed. However, errors created by the
imputation process may aﬀect the results of the data mining algorithm.
3. The analytical phase is designed in such a way that it can work with missing values.
Many data mining methods are inherently designed to work robustly with missing
values. This approach is usually the most desirable because it avoids the additional
biases inherent in the imputation process.
The problem of estimating missing entries is directly related to the classiﬁcation problem.
In the classiﬁcation problem, a single attribute is treated specially, and the other features
are used to estimate its value. In this case, the missing value can occur on any feature, and
therefore the problem is more challenging, although it is fundamentally not diﬀerent. Many
of the methods discussed in Chaps. 10 and 11 for classiﬁcation can also be used for missing
value estimation. In addition, the matrix completion methods discussed in Sect. 18.5 of
Chap. 18 may also be used.
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Figure 2.1: Finding noise by data-centric methods
In the case of dependency-oriented data, such as time series or spatial data, missing value
estimation is much simpler. In this case, the behavioral attribute values of contextually
nearby records are used for the imputation process. For example, in a time-series data set,
the average of the values at the time stamp just before or after the missing attribute may
be used for estimation. Alternatively, the behavioral values at the last n time-series data
stamps can be linearly interpolated to determine the missing value. For the case of spatial
data, the estimation process is quite similar, where the average of values at neighboring
spatial locations may be used.

2.3.2

Handling Incorrect and Inconsistent Entries

The key methods that are used for removing or correcting the incorrect and inconsistent
entries are as follows:
1. Inconsistency detection: This is typically done when the data is available from diﬀerent
sources in diﬀerent formats. For example, a person’s name may be spelled out in full in
one source, whereas the other source may only contain the initials and a last name. In
such cases, the key issues are duplicate detection and inconsistency detection. These
topics are studied under the general umbrella of data integration within the database
ﬁeld.
2. Domain knowledge: A signiﬁcant amount of domain knowledge is often available in
terms of the ranges of the attributes or rules that specify the relationships across
diﬀerent attributes. For example, if the country ﬁeld is “United States,” then the city
ﬁeld cannot be “Shanghai.” Many data scrubbing and data auditing tools have been
developed that use such domain knowledge and constraints to detect incorrect entries.
3. Data-centric methods: In these cases, the statistical behavior of the data is used to
detect outliers. For example, the two isolated data points in Fig. 2.1 marked as “noise”
are outliers. These isolated points might have arisen because of errors in the data
collection process. However, this may not always be the case because the anomalies
may be the result of interesting behavior of the underlying system. Therefore, any
detected outlier may need to be manually examined before it is discarded. The use of
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data-centric methods for cleaning can sometimes be dangerous because they can result
in the removal of useful knowledge from the underlying system. The outlier detection
problem is an important analytical technique in its own right, and is discussed in
detail in Chaps. 8 and 9.
The methods for addressing erroneous and inconsistent entries are generally highly domain
speciﬁc.

2.3.3

Scaling and Normalization

In many scenarios, the diﬀerent features represent diﬀerent scales of reference and may
therefore not be comparable to one another. For example, an attribute such as age is drawn
on a very diﬀerent scale than an attribute such as salary. The latter attribute is typically
orders of magnitude larger than the former. As a result, any aggregate function computed
on the diﬀerent features (e.g., Euclidean distances) will be dominated by the attribute of
larger magnitude.
To address this problem, it is common to use standardization. Consider the case where
the jth attribute has mean μj and standard deviation σj . Then, the jth attribute value xji
of the ith record Xi may be normalized as follows:
zij =

xji − μj
σj

(2.2)

The vast majority of the normalized values will typically lie in the range [−3, 3] under the
normal distribution assumption.
A second approach uses min-max scaling to map all attributes to the range [0, 1]. Let
minj and maxj represent the minimum and maximum values of attribute j. Then, the jth
attribute value xji of the ith record Xi may be scaled as follows:
yij =

xji − minj
maxj − minj

(2.3)

This approach is not eﬀective when the maximum and minimum values are extreme value
outliers because of some mistake in data collection. For example, consider the age attribute
where a mistake in data collection caused an additional zero to be appended to an age,
resulting in an age value of 800 years instead of 80. In this case, most of the scaled data
along the age attribute will be in the range [0, 0.1], as a result of which this attribute may
be de-emphasized. Standardization is more robust to such scenarios.

2.4

Data Reduction and Transformation

The goal of data reduction is to represent it more compactly. When the data size is smaller,
it is much easier to apply sophisticated and computationally expensive algorithms. The
reduction of the data may be in terms of the number of rows (records) or in terms of the
number of columns (dimensions). Data reduction does result in some loss of information.
The use of a more sophisticated algorithm may sometimes compensate for the loss in information resulting from data reduction. Diﬀerent types of data reduction are used in various
applications:
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1. Data sampling: The records from the underlying data are sampled to create a much
smaller database. Sampling is generally much harder in the streaming scenario where
the sample needs to be dynamically maintained.
2. Feature selection: Only a subset of features from the underlying data is used in the
analytical process. Typically, these subsets are chosen in an application-speciﬁc way.
For example, a feature selection method that works well for clustering may not work
well for classiﬁcation and vice versa. Therefore, this section will discuss the issue of
feature subsetting only in a limited way and defer a more detailed discussion to later
chapters.
3. Data reduction with axis rotation: The correlations in the data are leveraged to represent it in a smaller number of dimensions. Examples of such data reduction methods
include principal component analysis (PCA), singular value decomposition (SVD), or
latent semantic analysis (LSA) for the text domain.
4. Data reduction with type transformation: This form of data reduction is closely related
to data type portability. For example, time series are converted to multidimensional
data of a smaller size and lower complexity by discrete wavelet transformations. Similarly, graphs can be converted to multidimensional representations by using embedding
techniques.

Each of the aforementioned aspects will be discussed in diﬀerent segments of this section.

2.4.1

Sampling

The main advantage of sampling is that it is simple, intuitive, and relatively easy to implement. The type of sampling used may vary with the application at hand.
2.4.1.1

Sampling for Static Data

It is much simpler to sample data when the entire data is already available, and therefore
the number of base data points is known in advance. In the unbiased sampling approach,
a predeﬁned fraction f of the data points is selected and retained for analysis. This is
extremely simple to implement, and can be achieved in two diﬀerent ways, depending upon
whether or not replacement is used.
In sampling without replacement from a data set D with n records, a total of n · f 
records are randomly picked from the data. Thus, no duplicates are included in the sample,
unless the original data set D also contains duplicates. In sampling with replacement from
a data set D with n records, the records are sampled sequentially and independently from
the entire data set D for a total of n · f  times. Thus, duplicates are possible because
the same record may be included in the sample over sequential selections. Generally, most
applications do not use replacement because unnecessary duplicates can be a nuisance for
some data mining applications, such as outlier detection. Some other specialized forms of
sampling are as follows:
1. Biased sampling: In biased sampling, some parts of the data are intentionally emphasized because of their greater importance to the analysis. A classical example is that of
temporal-decay bias where more recent records have a larger chance of being included
in the sample, and stale records have a lower chance of being included. In exponentialdecay bias, the probability p(X) of sampling a data record X, which was generated
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δt time units ago, is proportional to an exponential decay function value regulated by
the decay parameter λ:
(2.4)
p(X) ∝ e−λ·δt
Here e is the base of the natural logarithm. By using diﬀerent values of λ, the impact
of temporal decay can be regulated appropriately.
2. Stratiﬁed sampling: In some data sets, important parts of the data may not be suﬃciently represented by sampling because of their rarity. A stratiﬁed sample, therefore,
ﬁrst partitions the data into a set of desired strata, and then independently samples
from each of these strata based on predeﬁned proportions in an application-speciﬁc
way.
For example, consider a survey that measures the economic diversity of the lifestyles
of diﬀerent individuals in the population. Even a sample of 1 million participants may
not capture a billionaire because of their relative rarity. However, a stratiﬁed sample
(by income) will independently sample a predeﬁned fraction of participants from each
income group to ensure greater robustness in analysis.
Numerous other forms of biased sampling are possible. For example, in density-biased sampling, points in higher-density regions are weighted less to ensure greater representativeness
of the rare regions in the sample.
2.4.1.2

Reservoir Sampling for Data Streams

A particularly interesting form of sampling is that of reservoir sampling for data streams.
In reservoir sampling, a sample of k points is dynamically maintained from a data stream.
Recall that a stream is of an extremely large volume, and therefore one cannot store it on
a disk to sample it. Therefore, for each incoming data point in the stream, one must use a
set of eﬃciently implementable operations to maintain the sample.
In the static case, the probability of including a data point in the sample is k/n where
k is the sample size, and n is the number of points in the “data set.” In this case, the “data
set” is not static and cannot be stored on disk. Furthermore, the value of n is constantly
increasing as more points arrive and previous data points (outside the sample) have already
been discarded. Thus, the sampling approach works with incomplete knowledge about the
previous history of the stream at any given moment in time. In other words, for each
incoming data point in the stream, we need to dynamically make two simple admission
control decisions:
1. What sampling rule should be used to decide whether to include the newly incoming
data point in the sample?
2. What rule should be used to decide how to eject a data point from the sample to
“make room” for the newly inserted data point?
Fortunately, it is relatively simple to design an algorithm for reservoir sampling in data
streams [498]. For a reservoir of size k, the ﬁrst k data points in the stream are used to
initialize the reservoir. Subsequently, for the nth incoming stream data point, the following
two admission control decisions are applied:
1. Insert the nth incoming stream data point into the reservoir with probability k/n.
2. If the newly incoming data point was inserted, then eject one of the old k data points
at random to make room for the newly arriving point.
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It can be shown that the aforementioned rule maintains an unbiased reservoir sample from
the data stream.
Lemma 2.4.1 After n stream points have arrived, the probability of any stream point being
included in the reservoir is the same, and is equal to k/n.
Proof: This result is easy to show by induction. At initialization of the ﬁrst k data points,
the theorem is trivially true. Let us (inductively) assume that it is also true after (n − 1)
data points have been received, and therefore the probability of each point being included
in the reservoir is k/(n − 1). The probability of the arriving point being included in the
stream is k/n, and therefore the lemma holds true for the arriving data point. It remains
to prove the result for the remaining points in the data stream. There are two disjoint case
events that can arise for an incoming data point, and the ﬁnal probability of a point being
included in the reservoir is the sum of these two cases:
I: The incoming data point is not inserted into the reservoir. The probability of this is
(n−k)/n. Because the original probability of any point being included in the reservoir
by the inductive assumption, is k/(n − 1), the overall probability of a point being
k(n−k)
.
included in the reservoir and Case I event, is the multiplicative value of p1 = n(n−1)
II: The incoming data point is inserted into the reservoir. The probability of Case II
is equal to insertion probability k/n of incoming data points. Subsequently, existing
reservoir points are retained with probability (k − 1)/k because exactly one of them
is ejected. Because the inductive assumption implies that any of the earlier points in
the data stream was originally present in the reservoir with probability k/(n − 1),
it implies that the probability of a point being included in the reservoir and Case II
event is given by the product p2 of the three aforementioned probabilities:


 
k−1
k
k(k − 1)
k
=
(2.5)
p2 =
n
k
n−1
n(n − 1)
Therefore, the total probability of a stream point being retained in the reservoir after the
nth data point arrival is given by the sum of p1 and p2 . It can be shown that this is equal
to k/n.
It is possible to extend reservoir sampling to cases where temporal bias is present in the
data stream. In particular, the case of exponential bias has been addressed in [35].

2.4.2

Feature Subset Selection

A second method for data preprocessing is feature subset selection. Some features can
be discarded when they are known to be irrelevant. Which features are relevant? Clearly,
this decision depends on the application at hand. There are two primary types of feature
selection:
1. Unsupervised feature selection: This corresponds to the removal of noisy and redundant
attributes from the data. Unsupervised feature selection is best deﬁned in terms of
its impact on clustering applications, though the applicability is much broader. It
is diﬃcult to comprehensively describe such feature selection methods without using
the clustering problem as a proper context. Therefore, a discussion of methods for
unsupervised feature selection is deferred to Chap. 6 on data clustering.
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Figure 2.2: Highly correlated data represented in a small number of dimensions in an axis
system that is rotated appropriately
2. Supervised feature selection: This type of feature selection is relevant to the problem of
data classiﬁcation. In this case, only the features that can predict the class attribute
eﬀectively are the most relevant. Such feature selection methods are often closely
integrated with analytical methods for classiﬁcation. A detailed discussion is deferred
to Chap. 10 on data classiﬁcation.
Feature selection is an important part of the data mining process because it deﬁnes the
quality of the input data.

2.4.3

Dimensionality Reduction with Axis Rotation

In real data sets, a signiﬁcant number of correlations exist among diﬀerent attributes. In
some cases, hard constraints or rules between attributes may uniquely deﬁne some attributes
in terms of others. For example, the date of birth of an individual (represented quantitatively) is perfectly correlated with his or her age. In most cases, the correlations may not be
quite as perfect, but signiﬁcant dependencies may still exist among the diﬀerent features.
Unfortunately, real data sets contain many such redundancies that escape the attention of
the analyst during the initial phase of data creation. These correlations and constraints
correspond to implicit redundancies because they imply that knowledge of some subsets
of the dimensions can be used to predict the values of the other dimensions. For example,
consider the 3-dimensional data set illustrated in Fig. 2.2. In this case, if the axis is rotated
to the orientation illustrated in the ﬁgure, the correlations and redundancies in the newly
transformed feature values are removed. As a result of this redundancy removal, the entire
data can be (approximately) represented along a 1-dimensional line. Thus, the intrinsic
dimensionality of this 3-dimensional data set is 1. The other two axes correspond to the
low-variance dimensions. If the data is represented as coordinates in the new axis system
illustrated in Fig. 2.2, then the coordinate values along these low-variance dimensions will
not vary much. Therefore, after the axis system has been rotated, these dimensions can be
removed without much information loss.
A natural question arises as to how the correlation-removing axis system such as that in
Fig. 2.2 may be determined in an automated way. Two natural methods to achieve this goal
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are those of principal component analysis (PCA) and singular value decomposition (SVD).
These two methods, while not exactly identical at the deﬁnition level, are closely related.
Although the notion of principal component analysis is intuitively easier to understand,
SVD is a more general framework and can be used to perform PCA as a special case.
2.4.3.1

Principal Component Analysis

PCA is generally applied after subtracting the mean of the data set from each data point.
However, it is also possible to use it without mean centering, as long as the mean of the
data is separately stored. This operation is referred to as mean centering, and it results in
a data set centered at the origin. The goal of PCA is to rotate the data into an axis-system
where the greatest amount of variance is captured in a small number of dimensions. It is
intuitively evident from the example of Fig. 2.2 that such an axis system is aﬀected by
the correlations between attributes. An important observation, which we will show below,
is that the variance of a data set along a particular direction can be expressed directly in
terms of its covariance matrix.
Let C be the d × d symmetric covariance matrix of the n × d data matrix D. Thus, the
(i, j)th entry cij of C denotes the covariance between the ith and jth columns (dimensions)
of the data matrix D. Let μi represent the mean along the ith dimension. Speciﬁcally, if
xm
k be the mth dimension of the kth record, then the value of the covariance entry cij is as
follows:
n
xi xj
cij = k=1 k k − μi μj ∀i, j ∈ {1 . . . d}
(2.6)
n
Let μ = (μ1 . . . μd ) is the d-dimensional row vector representing the means along the diﬀerent
dimensions. Then, the aforementioned d × d computations of Eq. 2.6 for diﬀerent values of
i and j can be expressed compactly in d × d matrix form as follows:
DT D
− μT μ
(2.7)
n
Note that the d diagonal entries of the matrix C correspond to the d variances. The covariance matrix C is positive semi-deﬁnite, because it can be shown that for any d-dimensional
column vector v, the value of v T Cv is equal to the variance of the 1-dimensional projection
Dv of the data set D on v.
C=

(Dv)T Dv
− (μ v)2 = Variance of 1-dimensional points in Dv ≥ 0
(2.8)
n
In fact, the goal of PCA is to successively determine orthonormal vectors v maximizing
v T Cv. How can one determine such directions? Because the covariance matrix is symmetric
and positive semideﬁnite, it can be diagonalized as follows:
v T Cv =

C = P ΛP T

(2.9)

The columns of the matrix P contain the orthonormal eigenvectors of C, and Λ is a diagonal
matrix containing the nonnegative eigenvalues. The entry Λii is the eigenvalue corresponding
to the ith eigenvector (or column) of the matrix P . These eigenvectors represent successive
orthogonal solutions1 to the aforementioned optimization model maximizing the variance
v T Cv along the unit direction v.
1 Setting the gradient of the Lagrangian relaxation v T Cv−λ(||v||2 −1) to 0 is equivalent to the eigenvector
condition Cv − λv = 0. The variance along an eigenvector is v T Cv = v T λv = λ. Therefore, one should
include the orthonormal eigenvectors in decreasing order of eigenvalue λ to maximize preserved variance in
reduced subspace.
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An interesting property of this diagonalization is that both the eigenvectors and eigenvalues have a geometric interpretation in terms of the underlying data distribution. Speciﬁcally,
if the axis system of data representation is rotated to
 the orthonormal set of eigenvectors
in the columns of P , then it can be shown that all d2 covariances of the newly transformed
feature values are zero. In other words, the greatest variance-preserving directions are also
the correlation-removing directions. Furthermore, the eigenvalues represent the variances
of the data along the corresponding eigenvectors. In fact, the diagonal matrix Λ is the
new covariance matrix after axis rotation. Therefore, eigenvectors with large eigenvalues
preserve greater variance, and are also referred to as principal components. Because of the
nature of the optimization formulation used to derive this transformation, a new axis system
containing only the eigenvectors with the largest eigenvalues is optimized to retaining the
maximum variance in a ﬁxed number of dimensions. For example, the scatter plot of Fig. 2.2
illustrates the various eigenvectors, and it is evident that the eigenvector with the largest
variance is all that is needed to create a variance-preserving representation. It generally
suﬃces to retain only a small number of eigenvectors with large eigenvalues.
Without loss of generality, it can be assumed that the columns of P (and corresponding
diagonal matrix Λ) are arranged from left to right in such a way that they correspond to
decreasing eigenvalues. Then, the transformed data matrix D in the new coordinate system
after axis rotation to the orthonormal columns of P can be algebraically computed as the
following linear transformation:
(2.10)
D = DP
While the transformed data matrix D is also of size n × d, only its ﬁrst (leftmost) k
d
columns will show signiﬁcant variation in values. Each of the remaining (d − k) columns
of D will be approximately equal to the mean of the data in the rotated axis system. For
mean-centered data, the values of these (d − k) columns will be almost 0. Therefore, the
dimensionality of the data can be reduced, and only the ﬁrst k columns of the transformed
data matrix D may need to be retained2 for representation purposes. Furthermore, it can
be conﬁrmed that the covariance matrix of the transformed data D = DP is the diagonal
matrix Λ by applying the covariance deﬁnition of Eq. 2.7 to DP (transformed data) and μP
(transformed mean) instead of D and μ, respectively. The resulting covariance matrix can be
expressed in terms of the original covariance matrix C as P T CP . Substituting C = P ΛP T
from Eq. 2.9 shows equivalence because P T P = P P T = I. In other words, correlations have
been removed from the transformed data because Λ is diagonal.
The variance of the data set deﬁned by projections along top-k eigenvectors is equal to
the sum of the k corresponding eigenvalues. In many applications, the eigenvalues show a
precipitous drop-oﬀ after the ﬁrst few values. For example, the behavior of the eigenvalues
for the 279-dimensional Arrythmia data set from the UCI Machine Learning Repository [213]
is illustrated in Fig. 2.3. Figure 2.3a shows the absolute magnitude of the eigenvalues in
increasing order, whereas Fig. 2.3b shows the total amount of variance retained in the top-k
eigenvalues. Figure 2.3b can be derived by using the cumulative sum of the smallest eigenvalues in Fig. 2.3a. It is interesting to note that the 215 smallest eigenvalues contain less
than 1 % of the total variance in the data and can therefore be removed with little change
to the results of similarity-based applications. Note that the Arrythmia data set is not a
very strongly correlated data set along many pairs of dimensions. Yet, the dimensionality reduction is drastic because of the cumulative eﬀect of the correlations across many
dimensions.
2 The

means of the remaining columns also need be stored if the data set is not mean centered.
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set
The eigenvectors of the matrix C may be determined by using any numerical method
discussed in [295] or by an oﬀ-the-shelf eigenvector solver. PCA can be extended to discovering nonlinear embeddings with the use of a method known as the kernel trick. Refer to
Sect. 10.6.4.1 of Chap. 10 for a brief description of kernel PCA.
2.4.3.2

Singular Value Decomposition

Singular value decomposition (SVD) is closely related to principal component analysis
(PCA). However, these distinct methods are sometimes confused with one another because
of the close relationship. Before beginning the discussion of SVD, we state how it is related
to PCA. SVD is more general than PCA because it provides two sets of basis vectors instead
of one. SVD provides basis vectors of both the rows and columns of the data matrix, whereas
PCA only provides basis vectors of the rows of the data matrix. Furthermore, SVD provides
the same basis as PCA for the rows of the data matrix in certain special cases:
SVD provides the same basis vectors and data transformation as PCA for data sets in
which the mean of each attribute is 0.
The basis vectors of PCA are invariant to mean-translation, whereas those of SVD are
not. When the data are not mean centered, the basis vectors of SVD and PCA will not be
the same, and qualitatively diﬀerent results may be obtained. SVD is often applied without
mean centering to sparse nonnegative data such as document-term matrices. A formal way
of deﬁning SVD is as a decomposable product of (or factorization into) three matrices:
D = QΣP T

(2.11)

Here, Q is an n × n matrix with orthonormal columns, which are the left singular vectors.
Σ is an n × d diagonal matrix containing the singular values, which are always nonnegative
and, by convention, arranged in nonincreasing order. Furthermore, P is a d × d matrix with
orthonormal columns, which are the right singular vectors. Note that the diagonal matrix Σ
is rectangular rather than square, but it is referred to as diagonal because only entries of the
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form Σii are nonzero. It is a fundamental fact of linear algebra that such a decomposition
always exists, and a proof may be found in [480]. The number of nonzero diagonal entries of
Σ is equal to the rank of the matrix D, which is at most min{n, d}. Furthermore, because
of the orthonormality of the singular vectors, both P T P and QT Q are identity matrices.
We make the following observations:
1. The columns of matrix Q, which are also the left singular vectors, are the orthonormal
eigenvectors of DDT . This is because DDT = QΣ(P T P )ΣT QT = QΣΣT QT . Therefore, the square of the nonzero singular values, which are diagonal entries of the n × n
diagonal matrix ΣΣT , represent the nonzero eigenvalues of DDT .
2. The columns of matrix P , which are also the right singular vectors, are the orthonormal eigenvectors of DT D. The square of the nonzero singular values, which are represented in diagonal entries of the d × d diagonal matrix ΣT Σ, are the nonzero eigenvalues of DT D. Note that the nonzero eigenvalues of DDT and DT D are the same.
The matrix P is particularly important because it provides the basis vectors, which
are analogous to the eigenvectors of the covariance matrix in PCA.
T

3. Because the covariance matrix of mean-centered data is D nD (cf. Eq. 2.7) and the
right singular vectors of SVD are eigenvectors of DT D, it follows that the eigenvectors
of PCA are the same as the right-singular vectors of SVD for mean-centered data.
Furthermore, the squared singular values in SVD are n times the eigenvalues of PCA.
This equivalence shows why SVD and PCA can provide the same transformation for
mean-centered data.
4. Without loss of generality, it can be assumed that the diagonal entries of Σ are
arranged in decreasing order, and the columns of matrix P and Q are also ordered
accordingly. Let Pk and Qk be the truncated d × k and n × k matrices obtained by
selecting the ﬁrst k columns of P and Q, respectively. Let Σk be the k × k square
matrix containing the top k singular values. Then, the SVD factorization yields an
approximate d-dimensional data representation of the original data set D:
D ≈ Qk Σk PkT

(2.12)

The columns of Pk represent a k-dimensional basis system for a reduced representation
of the data set. The dimensionality reduced data set in this k-dimensional basis system
is given by the n×k data set Dk = DPk = Qk Σk , as in Eq. 2.10 of PCA. Each of the n
rows of Dk contain the k coordinates of each transformed data point in this new axis
system. Typically, the value of k is much smaller than both n and d. Furthermore,
unlike PCA, the rightmost (d − k) columns of the full d-dimensional transformed data
matrix D = DP will be approximately 0 (rather than the data mean), whether the
data are mean centered or not. In general, PCA projects the data on a low-dimensional
hyperplane passing through the data mean, whereas SVD projects the data on a lowdimensional hyperplane passing through the origin. PCA captures as much of the
variance (or, squared Euclidean distance about the mean) of the data as possible,
whereas SVD captures as much of the aggregate squared Euclidean distance about
the origin as possible. This method of approximating a data matrix is referred to as
truncated SVD.
In the following, we will show that truncated SVD maximizes the aggregate squared
Euclidean distances (or energy) of the transformed data points about the origin. Let v be a
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d-dimensional column vector and Dv be the projection of the data set D on v. Consider the
problem of determining the unit vector v such that the sum of squared Euclidean distances
(Dv)T (Dv) of the projected data points from the origin is maximized. Setting the gradient
of the Lagrangian relaxation v T DT Dv − λ(||v||2 − 1) to 0 is equivalent to the eigenvector
condition DT Dv − λv = 0. Because the right singular vectors are eigenvectors of DT D, it
follows that the eigenvectors (right singular vectors) with the k largest eigenvalues (squared
singular values) provide a basis that maximizes the preserved energy in the transformed and
reduced data matrix Dk = DPk = Qk Σk . Because the energy, which is the sum of squared
Euclidean distances from the origin, is invariant to axis rotation, the energy in Dk is the
same as that in Dk PkT = Qk Σk PkT . Therefore, k-rank SVD is a maximum energy-preserving
factorization. This result is known as the Eckart–Young theorem.
The total preserved energy of the projection Dv of the data set D along unit rightsingular vector v with singular value σ is given by (Dv)T (Dv), which can be simpliﬁed as
follows:
(Dv)T (Dv) = v T (DT Dv) = v T (σ 2 v) = σ 2
Because the energy is deﬁned as a linearly separable sum along orthonormal directions, the
preserved energy in the data projection along the top-k singular vectors is equal to the
sum of the squares of the top-k singular values. Note that the total energy in the data set
D is always equal to the sum of the squares of all the nonzero singular values. It can be
shown that maximizing the preserved energy is the same as minimizing the squared error3
(or lost energy) of the k-rank approximation. This is because the sum of the energy in the
preserved subspace and the lost energy in the complementary (discarded) subspace is always
a constant, which is equal to the energy in the original data set D.
When viewed purely in terms of eigenvector analysis, SVD provides two diﬀerent perspectives for understanding the transformed and reduced data. The transformed data matrix can
either be viewed as the projection DPk of the data matrix D on the top k basis eigenvectors
Pk of the d × d scatter matrix DT D, or it can directly be viewed as the scaled eigenvectors Qk Σk = DPk of the n × n dot-product similarity matrix DDT . While it is generally
computationally expensive to extract the eigenvectors of an n × n similarity matrix, such
an approach also generalizes to nonlinear dimensionality reduction methods where notions
of linear basis vectors do not exist in the original space. In such cases, the dot-product
similarity matrix is replaced with a more complex similarity matrix in order to extract a
nonlinear embedding (cf. Table 2.3).
SVD is more general than PCA and can be used to simultaneously determine a subset
of k basis vectors for the data matrix and its transpose with the maximum energy. The
latter can be useful in understanding complementary transformation properties of DT .
3 The

squared error is the sum of squares of the entries in the error matrix D − Qk Σk PkT .

2.4. DATA REDUCTION AND TRANSFORMATION

47

The orthonormal columns of Qk provide a k-dimensional basis system for (approximately)
transforming “data points” corresponding to the rows of DT , and the matrix D T Qk = Pk Σk
contains the corresponding coordinates. For example, in a user-item ratings matrix, one may
wish to determine either a reduced representation of the users, or a reduced representation
of the items. SVD provides the basis vectors for both reductions. Truncated SVD expresses
the data in terms of k dominant latent components. The ith latent component is expressed
in the ith basis vectors of both D and DT , and its relative importance in the data is deﬁned
by the ith singular value. By decomposing the matrix product Qk Σk PkT into column vectors
of Qk and Pk (i.e., dominant basis vectors of DT and D), the following additive sum of the
k latent components can be obtained:
Qk Σk PkT =

k

i=1

q i σ i pi T =

k


σi (qi pi T )

(2.13)

i=1

Here qi is the ith column of Q, pi is the ith column of P , and σi is the ith diagonal entry
of Σ. Each latent component σi (qi pi T ) is an n × d matrix with rank 1 and energy σi2 . This
decomposition is referred to as spectral decomposition. The relationships of the reduced basis
vectors to SVD matrix factorization are illustrated in Fig. 2.4.
An example of a rank-2 truncated SVD of a toy 6 × 6 matrix is illustrated below:
⎛
⎞
2 2 1 2 0 0
⎜2 3 3 3 0 0⎟
⎜
⎟
⎜1 1 1 1 0 0⎟
T
⎟
D=⎜
⎜2 2 2 3 1 1⎟ ≈ Q2 Σ2 P2
⎜
⎟
⎝0 0 0 1 1 1⎠
0 0 0 2 1 2
⎛
⎞
−0.41
0.17
⎜−0.65
0.31⎟
⎜
⎟


⎜−0.23
0.13⎟
0
−0.41 −0.49 −0.44 −0.61 −0.10 −0.12
⎟ 8.4
≈⎜
⎜−0.56 −0.20⎟
0 3.3
0.21
0.31
0.26 −0.37 −0.44 −0.68
⎜
⎟
⎝−0.10 −0.46⎠
−0.19 −0.78
⎞
⎛
1.87
1.67 1.91 0.10
0.04
1.55
⎜2.46
2.98
2.66 2.95 0.10 −0.03⎟
⎟
⎜
⎜0.89
1.08
0.96 1.04 0.01 −0.04⎟
⎟
=⎜
⎜1.81
2.11
1.91 3.14 0.77
1.03⎟
⎟
⎜
⎝0.02 −0.05 −0.02 1.06 0.74
1.11⎠
0.10 −0.02
0.04 1.89 1.28
1.92
Note that the rank-2 matrix is a good approximation of the original matrix. The entry with
the largest error is underlined in the ﬁnal approximated matrix. Interestingly, this entry is
also inconsistent with the structure of the remaining matrix in the original data (why?).
Truncated SVD often tries to correct inconsistent entries, and this property is sometimes
leveraged for noise reduction in error-prone data sets.
2.4.3.3

Latent Semantic Analysis

Latent semantic analysis (LSA) is an application of the SVD method to the text domain.
In this case, the data matrix D is an n × d document-term matrix containing normalized
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word frequencies in the n documents, where d is the size of the lexicon. No mean centering
is used, but the results are approximately the same as PCA because of the sparsity of D.
The sparsity of D implies that most of the entries in D are 0, and the mean values of each
column are much smaller than the nonzero values. In such scenarios, it can be shown that
the covariance matrix is approximately proportional to DT D. The sparsity of the data set
also results in a low intrinsic dimensionality. Therefore, in the text domain, the reduction in
dimensionality from LSA is rather drastic. For example, it is not uncommon to be able to
represent a corpus drawn on a lexicon of 100,000 dimensions in fewer than 300 dimensions.
LSA is a classical example of how the “loss” of information from discarding some dimensions can actually result in an improvement in the quality of the data representation. The
text domain suﬀers from two main problems corresponding to synonymy and polysemy.
Synonymy refers to the fact that two words may have the same meaning. For example, the
words “comical” and “hilarious” mean approximately the same thing. Polysemy refers to
the fact that the same word may mean two diﬀerent things. For example, the word “jaguar”
could refer to a car or a cat. Typically, the signiﬁcance of a word can only be understood
in the context of other words in the document. This is a problem for similarity-based applications because the computation of similarity with the use of word frequencies may not
be completely accurate. For example, two documents containing the words “comical” and
“hilarious,” respectively, may not be deemed suﬃciently similar in the original representation space. The two aforementioned issues are a direct result of synonymy and polysemy
eﬀects. The truncated representation after LSA typically removes the noise eﬀects of synonymy and polysemy because the (high-energy) singular vectors represent the directions of
correlation in the data, and the appropriate context of the word is implicitly represented
along these directions. The variations because of individual diﬀerences in usage are implicitly encoded in the low-energy directions, which are truncated anyway. It has been observed
that signiﬁcant qualitative improvements [184, 416] for text applications may be achieved
with the use of LSA. The improvement4 is generally greater in terms of synonymy eﬀects
than polysemy. This noise-removing behavior of SVD has also been demonstrated in general
multidimensional data sets [25].
2.4.3.4

Applications of PCA and SVD

Although PCA and SVD are primarily used for data reduction and compression, they have
many other applications in data mining. Some examples are as follows:
1. Noise reduction: While removal of the smaller eigenvectors/singular vectors in PCA
and SVD can lead to information loss, it can also lead to improvement in the quality of
data representation in surprisingly many cases. The main reason is that the variations
along the small eigenvectors are often the result of noise, and their removal is generally
beneﬁcial. An example is the application of LSA in the text domain where the removal
of the smaller components leads to the enhancement of the semantic characteristics
of text. SVD is also used for deblurring noisy images. These text- and image-speciﬁc
results have also been shown to be true in arbitrary data domains [25]. Therefore, the
data reduction is not just space eﬃcient but actually provides qualitative beneﬁts in
many cases.
4 Concepts that are not present predominantly in the collection will be ignored by truncation. Therefore,
alternative meanings reﬂecting infrequent concepts in the collection will be ignored. While this has a robust
eﬀect on the average, it may not always be the correct or complete disambiguation of polysemous words.
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2. Data imputation: SVD and PCA can be used for data imputation applications [23],
such as collaborative ﬁltering, because the reduced matrices Qk , Σk , and Pk can be
estimated for small values of k even from incomplete data matrices. Therefore, the
entire matrix can be approximately reconstructed as Qk Σk PkT . This application is
discussed in Sect. 18.5 of Chap. 18.
3. Linear equations: Many data mining applications are optimization problems in which
the solution is recast into a system of linear equations. For any linear system Ay = 0,
any right singular vector of A with 0 singular value will satisfy the system of equations
(see Exercise 14). Therefore, any linear combination of the 0 singular vectors will
provide a solution.
4. Matrix inversion: SVD can be used for the inversion of a square d×d matrix D. Let the
decomposition of D be given by QΣP T . Then, the inverse of D is D−1 = P Σ−1 QT .
Note that Σ−1 can be trivially computed from Σ by inverting its diagonal entries.
The approach can also be generalized to the determination of the Moore–Penrose
pseudoinverse D+ of a rank-k matrix D by inverting only the nonzero diagonal entries
of Σ. The approach can even be generalized to non-square matrices by performing the
additional operation of transposing Σ. Such matrix inversion operations are required
in many data mining applications such as least-squares regression (cf. Sect. 11.5 of
Chap. 11) and social network analysis (cf. Chap. 19).
5. Matrix algebra: Many network mining applications require the application of algebraic operations such as the computation of the powers of a matrix. This is common
in random-walk methods (cf. Chap. 19), where the kth powers of the symmetric adjacency matrix of an undirected network may need to be computed. Such symmetric
adjacency matrices can be decomposed into the form QΔQT . The kth power of this
decomposition can be eﬃciently computed as Dk = QΔk QT . In fact, any polynomial
function of the matrix can be computed eﬃciently.
SVD and PCA are extraordinarily useful because matrix and linear algebra operations are
ubiquitous in data mining. SVD and PCA facilitate such matrix operations by providing
convenient decompositions and basis representations. SVD has rightly been referred to [481]
as “absolutely a high point of linear algebra.”

2.4.4

Dimensionality Reduction with Type Transformation

In these methods, dimensionality reduction is coupled with type transformation. In most
cases, the data is transformed from a more complex type to a less complex type, such as
multidimensional data. Thus, these methods serve the dual purpose of data reduction and
type portability. This section will study two such transformation methods:
1. Time series to multidimensional: A number of methods, such as the discrete Fourier
transform and discrete wavelet transform are used. While these methods can also be
viewed as a rotation of an axis system deﬁned by the various time stamps of the
contextual attribute, the data are no longer dependency oriented after the rotation.
Therefore, the resulting data set can be processed in a similar way to multidimensional
data. We will study the Haar wavelet transform because of its intuitive simplicity.
2. Weighted graphs to multidimensional: Multidimensional scaling and spectral methods
are used to embed weighted graphs in multidimensional spaces, so that the similarity
or distance values on the edges are captured by a multidimensional embedding.
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Table 2.2: An example of wavelet coeﬃcient computation
Granularity (order k)
k
k
k
k

=4
=3
=2
=1

Averages
(Φ values)
(8, 6, 2, 3, 4, 6, 6, 5)
(7, 2.5, 5, 5.5)
(4.75, 5.25)
(5)

DWT coeﬃcients
(ψ values)
–
(1, −0.5, −1, 0.5)
(2.25, −0.25)
(−0.25)

This section will discuss each of these techniques.
2.4.4.1

Haar Wavelet Transform

Wavelets are a well-known technique that can be used for multigranularity decomposition
and summarization of time-series data into the multidimensional representation. The Haar
wavelet is a particularly popular form of wavelet decomposition because of its intuitive
nature and ease of implementation. To understand the intuition behind wavelet decomposition, an example of sensor temperatures will be used.
Suppose that a sensor measured the temperatures over the course of 12 h from the
morning until the evening. Assume that the sensor samples temperatures at the rate of
1 sample/s. Thus, over the course of a single day, a sensor will collect 12 × 60 × 60 =
43, 200 readings. Clearly, this will not scale well over many days and many sensors. An
important observation is that many adjacent sensor readings will be very similar, causing
this representation to be very wasteful. So, how can we represent this data approximately
in a small amount of space? How can we determine the key regions where “variations” in
readings occur, and store these variations instead of repeating values?
Suppose we only stored the average over the entire day. This provides some idea of the
temperature but not much else about the variation over the day. Now, if the diﬀerence in
average temperature between the ﬁrst half and second half of the day is also stored, we
can derive the averages for both the ﬁrst and second half of the day from these two values.
This principle can be applied recursively because the ﬁrst half of the day can be divided
into the ﬁrst quarter of the day and the second quarter of the day. Thus, with four stored
values, we can perfectly reconstruct the averages in four quarters of the day. This process
can be applied recursively right down to the level of granularity of the sensor readings.
These “diﬀerence values” are used to derive wavelet coeﬃcients. Of course, we did not yet
achieve any data reduction because the number of such coeﬃcients can be shown to be
exactly equal to the length of the original time series.
It is important to understand that large diﬀerence values tell us more about the variations in the temperature values than the small ones, and they are therefore more important
to store. Therefore, larger coeﬃcient values are stored after a normalization for the level of
granularity. This normalization, which is discussed later, has a bias towards storing coeﬃcients representing longer time scales because trends over longer periods of time are more
informative for (global) series reconstruction.
More formally, the wavelet technique creates a decomposition of the time series into
a set of coeﬃcient-weighted wavelet basis vectors. Each of the coeﬃcients represents the
rough variation of the time series between the two halves of a particular time range. The
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SERIES
AVERAGES
(8, 6, 2, 3, 4, 6, 6, 5)

WAVELET
COEFFICIENT

WAVELET
SHAPE

BASIS
VECTOR

1

1 1000000

0.5

0 01 10000

1

0 0001 100

0.5

0 0 000 01 1

2.25

11 1 10000

0.25

0 00 011 1 1

(4.75, 5.25)

0.25
0
25

1111 1 1 1 1

(5)

5

1 1 1 1 1 1 11

(7, 2.5, 5, 5.5)

Figure 2.5: Illustration of the wavelet decomposition
wavelet basis vector is a time series that represents the temporal range of this variation in
the form of a simple step function. The wavelet coeﬃcients are of diﬀerent orders, depending
on the length of the time-series segment analyzed, which also represents the granularity of
analysis. The higher-order coeﬃcients represent the broad trends in the series because they
correspond to larger ranges. The more localized trends are captured by the lower-order
coeﬃcients. Before providing a more notational description, a simple recursive description
of wavelet decomposition of a time series segment S is provided below in two steps:
1. Report half the average diﬀerence of the behavioral attribute values between the ﬁrst
and second temporal halves of S as a wavelet coeﬃcient.
2. Recursively apply this approach to ﬁrst and second temporal halves of S.
At the end of the process, a reduction process is performed, where larger (normalized)
coeﬃcients are retained. This normalization step will be described in detail later.
A more formal and notation-intensive description will be provided at this point. For ease
in discussion, assume that the length q of the series is a power of 2. For each value of k ≥ 1,
the Haar wavelet decomposition deﬁnes 2k−1 coeﬃcients of order k. Each of these 2k−1
coeﬃcients corresponds to a contiguous portion of the time series of length q/2k−1 . The ith
of these 2k−1 coeﬃcients corresponds to the segment in the series starting from position
(i − 1) · q/2k−1 + 1 to the position i · q/2k−1 . Let us denote this coeﬃcient by ψki and the
corresponding time-series segment by Ski . At the same time, let us deﬁne the average value
of the ﬁrst half of the Ski by aik and that of the second half by bik . Then, the value of ψki
is given by (aik − bik )/2. More formally, if Φik denote the average value of the Ski , then the
value of ψki can be deﬁned recursively as follows:
2·i−1
− Φ2·i
ψki = (Φk+1
k+1 )/2

(2.14)

The set of Haar coeﬃcients is deﬁned by all the coeﬃcients of order 1 to log2 (q). In
addition, the global average Φ11 is required for the purpose of perfect reconstruction. The
total number of coeﬃcients is exactly equal to the length of the original series, and the
dimensionality reduction is obtained by discarding the smaller (normalized) coeﬃcients.
This will be discussed later.
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Figure 2.6: The error tree from the wavelet decomposition
The coeﬃcients of diﬀerent orders provide an understanding of the major trends in
the data at a particular level of granularity. For example, the coeﬃcient ψki is half the
quantity by which the ﬁrst half of the segment Ski is larger than the second half of the same
segment. Because larger values of k correspond to geometrically reducing segment sizes,
one can obtain an understanding of the basic trends at diﬀerent levels of granularity. This
deﬁnition of the Haar wavelet makes it very easy to compute by a sequence of averaging and
diﬀerencing operations. Table 2.2 shows the computation of the wavelet coeﬃcients for the
sequence (8, 6, 2, 3, 4, 6, 6, 5). This decomposition is illustrated in graphical form in Fig. 2.5.
Note that each value in the original series can be represented as a sum of log2 (8) = 3
wavelet coeﬃcients with a positive or negative sign attached in front. In general, the entire
decomposition may be represented as a tree of depth 3, which represents the hierarchical
decomposition of the entire series. This is also referred to as the error tree. In Fig. 2.6,
the error tree for the wavelet decomposition in Table 2.2 is illustrated. The nodes in the
tree contain the values of the wavelet coeﬃcients, except for a special super-root node that
contains the series average.
The number of wavelet coeﬃcients in this series is 8, which is also the length of the
original series. The original series has been replicated just below the error tree in Fig. 2.6,
and can be reconstructed by adding or subtracting the values in the nodes along the path
leading to that value. Each coeﬃcient in a node should be added, if we use the left branch
below it to reach to the series values. Otherwise, it should be subtracted. This natural
decomposition means that an entire contiguous range along the series can be reconstructed
by using only the portion of the error tree which is relevant to it.
As in all dimensionality reduction methods, smaller coeﬃcients are ignored. We will
explain the process of discarding coeﬃcients with the help of the notion of the basis vectors
associated with each coeﬃcient:
The wavelet representation is a decomposition of the original time series of length q into
the weighted sum of a set of q “simpler” time series (or wavelets) that are orthogonal to
one another. These “simpler” time series are the basis vectors, and the wavelet coeﬃcients
represent the weights of the diﬀerent basis vectors in the decomposition.
Figure 2.5 shows these “simpler” time series along with their corresponding coeﬃcients.
The number of wavelet coeﬃcients (and basis vectors) is equal to the length of the series q.
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The length of the time series representing each basis vector is also q. Each basis vector has
a +1 or −1 value in the contiguous time-series segment from which a particular coeﬃcient
was derived by a diﬀerencing operation. Otherwise, the value is 0 because the wavelet is
not related to variations in that region of the time series. The ﬁrst half of the nonzero
segment of the basis vector is +1, and the second half is −1. This gives it the shape of a
wavelet when it is plotted as a time series, and also reﬂects the diﬀerencing operation in the
relevant time-series segment. Multiplying a basis vector with the coeﬃcient has the eﬀect
of creating a weighted time series in which the diﬀerence between the ﬁrst half and second
half reﬂects the average diﬀerence between the corresponding segments in the original time
series. Therefore, by adding up all these weighted wavelets over diﬀerent levels of granularity
in the error tree, it is possible to reconstruct the original series. The list of basis vectors in
Fig. 2.5 are the rows of the following matrix:
⎛
⎞
1 −1
0
0
0
0
0
0
⎜0
0
1 −1
0
0
0
0⎟
⎜
⎟
⎜0
0
0
0
1 −1
0
0⎟
⎜
⎟
⎜0
0
0
0
0
0
1 −1⎟
⎜
⎟
⎜1
1 −1 −1
0
0
0
0⎟
⎜
⎟
⎜0
0
0
0
1
1 −1 −1⎟
⎜
⎟
⎝1
1
1
1 −1 −1 −1 −1⎠
1
1
1
1
1
1
1
1
Note that the dot product of any pair of basis vectors is 0, and therefore these series are
orthogonal to one another. The most detailed coeﬃcients have only one +1 and one −1,
whereas the most coarse coeﬃcient has four +1 and −1 entries. In addition, the vector
(11111111) is needed to represent the series average.
For a time series T , let W1 . . . Wq be the corresponding basis vectors. Then, if a1 . . . aq are
the wavelet coeﬃcients for the basis vectors W1 . . . Wq , the time series T can be represented
as follows:
q
q


Wi
a i Wi =
(ai ||Wi ||)
(2.15)
T =
||W
i ||
i=1
i=1
The coeﬃcients represented in Fig. 2.5 are unnormalized because the underlying basis vectors do not have unit norm. While ai is the unnormalized value from Fig. 2.5, the values
values of ||Wi || are diﬀerent for coeﬃcients
ai ||Wi || represent normalized coeﬃcients.
√ √ The √
of diﬀerent orders, and are equal to 2, 4, or 8 in this particular example. For example,
in Fig. 2.5, the broadest level
√ unnormalized coeﬃcient is −0.25, whereas the corresponding
normalized value is −0.25 8. After normalization, the basis vectors W1 . . . Wq are orthonormal, and, therefore, the sum of the squares of the corresponding (normalized) coeﬃcients
is equal to the retained energy in the approximated time series. Because the normalized
coeﬃcients provide a new coordinate representation after axis rotation, Euclidean distances
between time series are preserved in this new representation if coeﬃcients are not dropped.
It can be shown that by retaining the coeﬃcients with the largest normalized values, the
error loss from the wavelet representation is minimized.
The previous discussion focused on the approximation of a single time series. In practice,
one might want to convert a database of N time series into N multidimensional vectors.
When a database of multiple time series is available, then two strategies can be used:
1. The coeﬃcient for the same basis vector is selected for each series to create a meaningful multidimensional database of low dimensionality. Therefore, the basis vectors
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Figure 2.7: Illustration of the top levels of the wavelet decomposition for spatial data in a
grid containing sea-surface temperatures
that have the largest average normalized coeﬃcient across the N diﬀerent series are
selected.
2. The full dimensionality of the wavelet coeﬃcient representation is retained. However,
for each time series, the largest normalized coeﬃcients (in magnitude) are selected
individually. The remaining values are set to 0. This results in a sparse database
of high dimensionality, in which many values are 0. A method such as SVD can be
applied as a second step to further reduce the dimensionality. The second step of this
approach has the disadvantage of losing interpretability of the features of the wavelet
transform. Recall that the Haar wavelet is one of the few dimensionality reduction
transforms where the coeﬃcients do have some interpretability in terms of speciﬁc
trends across particular time-series segments.
The wavelet decomposition method provides a natural method for dimensionality reduction
(and data-type transformation) by retaining only a small number of coeﬃcients.
Wavelet Decomposition with Multiple Contextual Attributes
Time-series data contain a single contextual attribute, corresponding to the time value.
This helps in simpliﬁcation of the wavelet decomposition. However, in some cases such as
spatial data, there may be two contextual attributes corresponding to the X-coordinate and
the Y -coordinate. For example, sea-surface temperatures are measured at spatial locations
that are described with the use of two coordinates. How can wavelet decomposition be
performed in such cases? In this section, a brief overview of the extension of wavelets to
multiple contextual attributes is provided.
Assume that the spatial data is represented in the form of a 2-dimensional grid of
size q × q. Recall that in the 1-dimensional case, diﬀerencing operations were applied over
contiguous segments of the time series by successive division of the time series in hierarchical
fashion. The corresponding basis vectors have +1 and −1 at the relevant positions. The 2dimensional case is completely analogous where contiguous areas of the spatial grid are used
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by successive divisions. These divisions are alternately performed along the diﬀerent axes.
The corresponding basis vectors are 2-dimensional matrices of size q × q that regulate how
the diﬀerencing operations are performed.
An example of the strategy for 2-dimensional decomposition is illustrated in Fig. 2.7.
Only the top two levels of the decomposition are illustrated in the ﬁgure. Here, a 4 × 4 grid
of spatial temperatures is used as an example. The ﬁrst division along the X-axis divides
the spatial area into two blocks of size 4 × 2 each. The corresponding two-dimensional
binary basis matrix is illustrated into the same ﬁgure. The next phase divides each of these
4 × 2 blocks into blocks of size 2 × 2 during the hierarchical decomposition process. As
in the case of 1-dimensional time series, the wavelet coeﬃcient is half the diﬀerence in
the average temperatures between the two halves of the relevant block being decomposed.
The alternating process of division along the X-axis and the Y -axis can be carried on to
the individual data entries. This creates a hierarchical wavelet error tree, which has many
similar properties to that created in the 1-dimensional case. The overall principles of this
decomposition are almost identical to the 1-dimensional case, with the major diﬀerence in
terms of how the cuts along diﬀerent dimensions are performed by alternating at diﬀerent
levels. The approach can be extended to the case of k > 2 contextual attributes with the
use of a round-robin rotation in the axes that are selected at diﬀerent levels of the tree for
the diﬀerencing operation.
2.4.4.2

Multidimensional Scaling

Graphs are a powerful mechanism for representing relationships between objects. In some
data mining scenarios, the data type of an object may be very complex and heterogeneous such as a time series annotated with text and other numeric attributes. However,
a crisp notion of distance between several pairs of data objects may be available based
on application-speciﬁc goals. How can one visualize the inherent similarity between these
objects? How can one visualize the “nearness” of two individuals connected in a social network? A natural way of doing so is the concept of multidimensional scaling (MDS). Although
MDS was originally proposed in the context of spatial visualization of graph-structured distances, it has much broader applicability for embedding data objects of arbitrary types in
multidimensional space. Such an approach also enables the use of multidimensional data
mining algorithms on the embedded data.
For a graph with n nodes, let
 δij = δji denote the speciﬁed distance between nodes
i and j. It is assumed that all n2 pairwise distances between nodes are speciﬁed. It is
desired to map the n nodes to n diﬀerent k-dimensional vectors denoted
 by X1 . . . Xn , so
that the distances in multidimensional space closely correspond to the n2 distance values
in the distance graph. In MDS, the k coordinates of each of these n points are treated as
variables that need to be optimized, so that they can ﬁt the current set of pairwise distances.
Metric MDS, also referred to as classical MDS, attempts to solve the following optimization
(minimization) problem:

(||Xi − Xj || − δij )2
(2.16)
O=
i,j:i<j

Here || · || represents Euclidean norm. In other words, each node is represented by a multidimensional data point, such that the Euclidean distances between these points reﬂect
the graph distances as closely as possible. In other forms of nonmetric MDS, this objective
function might be diﬀerent. This optimization problem therefore has n · k variables, and it
scales with the size of the data n and the desired dimensionality k of the embedding. The
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Table 2.3: Scaled eigenvectors of various similarity matrices yield embeddings with diﬀerent
properties
Method
Relevant similarity matrix
PCA
Dot product matrix DDT after mean centering D
SVD
Dot product matrix DDT
Spectral embedding Sparsiﬁed/normalized similarity matrix Λ−1/2 W Λ−1/2
(Symmetric Version) (cf. Sect. 19.3.4 of Chap. 19)
MDS/ISOMAP
Similarity matrix derived from distance matrix Δ with
cosine law S = − 12 (I − Un )Δ(I − Un )
Kernel PCA
Centered kernel matrix S = (I − Un )K(I − Un )
(cf. Sect. 10.6.4.1 of Chap. 10)

2
objective function O of Eq. 2.16 is usually divided by i,j:i<j δij
to yield a value in (0, 1).
The square root of this value is referred to as Kruskal stress.
2
]n×n is
The basic assumption in classical MDS is that the distance matrix Δ = [δij
generated by computing pairwise Euclidean distances in some hypothetical data matrix D
for which the entries and dimensionality are unknown. The matrix D can never be recovered
completely in classical MDS because Euclidean distances are invariant to mean translation
and axis rotation. The appropriate conventions for the data mean and axis orientation will
be discussed later. While the optimization of Eq. 2.16 requires numerical techniques, a direct
solution to classical MDS can be obtained by eigen decomposition under the assumption
that the speciﬁed distance matrix is Euclidean:
2
]n×n can be converted into a sym1. Any pairwise (squared) distance matrix Δ = [δij
metric dot-product matrix Sn×n with the help of the cosine law in Euclidean space. In
particular, if Xi and Xj are the embedded representations of the ith and jth nodes,
the dot product between Xi and Xj can be related to the distances as follows:

Xi · Xj = −


1
||Xi − Xj ||2 − (||Xi ||2 + ||Xj ||2 ) ∀i, j ∈ {1 . . . n}
2

(2.17)

For a mean-centered embedding, the value of ||Xi ||2 + ||Xj ||2 can be expressed (see
Exercise 9) in terms of the entries of the distance matrix Δ as follows:
n
 n n
n
2
2
2
p=1 ||Xi − Xp ||
q=1 ||Xj − Xq ||
p=1
q=1 ||Xp − Xq ||
2
2
+
−
||Xi || +||Xj || =
n
n
n2
(2.18)
A mean-centering assumption is necessary because the Euclidean distance is mean
invariant, whereas the dot product is not. By substituting Eq. 2.18 in Eq. 2.17, it is
possible to express the dot product Xi · Xj fully in terms of the entries of the distance
matrix Δ. Because this condition is true for all possible values of i and j, we can
conveniently express it in n × n matrix form. Let U be the n × n matrix of all 1s, and
let I be the identity matrix. Then, our argument above shows that the dot-product
matrix S is equal to − 12 (I − Un )Δ(I − Un ). Under the Euclidean assumption, the matrix
S is always positive semideﬁnite because it is equal to the n × n dot-product matrix
DDT of the unobserved data matrix D, which has unknown dimensionality. Therefore,
it is desired to determine a high-quality factorization of S into the form Dk DkT , where
Dk is an n × k matrix of dimensionality k.
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2. Such a factorization can be obtained with eigen decomposition. Let S ≈ Qk Σ2k QTk =
(Qk Σk )(Qk Σk )T represent the approximate diagonalization of S, where Qk is an n × k
matrix containing the largest k eigenvectors of S, and Σ2k is a k × k diagonal matrix
containing the eigenvalues. The embedded representation is given by Dk = Qk Σk .
Note that SVD also derives the optimal embedding as the scaled eigenvectors of the
dot-product matrix of the original data. Therefore, the squared error of representation
is minimized by this approach. This can also be shown to be equivalent to minimizing
the Kruskal stress.
The optimal solution is not unique, because we can multiply Qk Σk with any k × k matrix
with orthonormal columns, and the pairwise Euclidean distances will not be aﬀected. In
other words, any representation of Qk Σk in a rotated axis system is optimal as well. MDS
ﬁnds an axis system like PCA in which the individual attributes are uncorrelated. In fact,
if classical MDS is applied to a distance matrix Δ, which is constructed by computing the
pairwise Euclidean distances in an actual data set, then it will yield the same embedding as
the application of PCA on that data set. MDS is useful when such a data set is not available
to begin with, and only the distance matrix Δ is available.
As in all dimensionality reduction methods, the value of the dimensionality k provides the
trade-oﬀ between representation size and accuracy. Larger values of the dimensionality k will
lead to lower stress. A larger number of data points typically requires a larger dimensionality
of representation to achieve the same stress. The most crucial element is, however, the
inherent structure of the distance matrix. For example, if a 10, 000 × 10, 000 distance matrix
contains the pairwise driving distance between 10,000 cities, it can usually be approximated
quite well with just a 2-dimensional representation. This is because driving distances are
an approximation of Euclidean distances in 2-dimensional space. On the other hand, an
arbitrary distance matrix may not be Euclidean and the distances may not even satisfy the
triangle inequality. As a result, the matrix S might not be positive semideﬁnite. In such
cases, it is sometimes still possible to use the metric assumption to obtain a high-quality
embedding. Speciﬁcally, only those positive eigenvalues may be used, whose magnitude
exceeds that of the most negative eigenvalue. This approach will work reasonably well if the
negative eigenvalues have small magnitude.
MDS is commonly used in nonlinear dimensionality reduction methods such as ISOMAP
(cf. Sect. 3.2.1.7 of Chap. 3). It is noteworthy that, in conventional SVD, the scaled eigenvectors of the n × n dot-product similarity matrix DDT yield a low-dimensional embedded
representation of D just as the eigenvectors of S yield the embedding in MDS. The eigen
decomposition of similarity matrices is fundamental to many linear and nonlinear dimensionality reduction methods such as PCA, SVD, ISOMAP, kernel PCA, and spectral embedding. The speciﬁc properties of each embedding are a result of the choice of the similarity
matrix and the scaling used on the resulting eigenvectors. Table 2.3 provides a preliminary
comparison of these methods, although some of them are discussed in detail only in later
chapters.
2.4.4.3

Spectral Transformation and Embedding of Graphs

Whereas MDS methods are designed for preserving global distances, spectral methods are
designed for preserving local distances for applications such as clustering. Spectral methods
work with similarity graphs in which the weights on the edges represent similarity rather
than distances. When distance values are available they are converted to similarity values
with kernel functions such as the heat kernel discussed earlier in this chapter. The notion
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of similarity is natural to many real Web, social, and information networks because of the
notion of homophily. For example, consider a bibliographic network in which nodes correspond to authors, and the edges correspond to co-authorship relations. The weight of
an edge represents the number of publications between authors and therefore represents
one possible notion of similarity in author publications. Similarity graphs can also be constructed between arbitrary data types. For example, a set of n time series can be converted
into a graph with n nodes, where a node represents each time series. The weight of an
edge is equal to the similarity between the two nodes, and only edges with a “suﬃcient”
level of similarity are retained. A discussion of the construction of the similarity graph is
provided in Sect. 2.2.2.9. Therefore, if a similarity graph can be transformed to a multidimensional representation that preserves the similarity structure between nodes, it provides
a transformation that can port virtually any data type to the easily usable multidimensional representation. The caveat here is that such a transformation can only be used for
similarity-based applications such as clustering or nearest neighbor classiﬁcation because
the transformation is designed to preserve the local similarity structure. The local similarity
structure of a data set is nevertheless fundamental to many data mining applications.
Let G = (N, A) be an undirected graph with node set N and edge set A. It is assumed
that the node set contains n nodes. A symmetric n × n weight matrix W = [wij ] represents
the similarities between the diﬀerent nodes. Unlike MDS, which works with a complete
graph of global distances, this graph is generally a sparsiﬁed representation of the similarity
of each object to its k nearest objects (cf. Sect. 2.2.2.9). The similarities to the remaining
objects are not distinguished from one another and set to 0. This is because spectral methods
preserve only the local similarity structure for applications such as clustering. All entries in
this matrix are assumed to be nonnegative, and higher values indicate greater similarity. If
an edge does not exist between a pair of nodes, then the corresponding entry is assumed to
be 0. It is desired to embed the nodes of this graph into a k-dimensional space so that the
similarity structure of the data is preserved.
First, let us discuss the much simpler problem of mapping the nodes onto a 1-dimensional
space. The generalization to the k-dimensional case is relatively straightforward. We would
like to map the nodes in N into a set of 1-dimensional real values y1 . . . yn on a line, so that
the distances between these points reﬂect the edge connectivity among the nodes. Therefore,
it is undesirable for nodes that are connected with high-weight edges, to be mapped onto
distant points on this line. Therefore, we would like to determine values of yi that minimize
the following objective function O:
O=

n 
n


wij (yi − yj )2

(2.19)

i=1 j=1

This objective function penalizes the distances between yi and yj with weight proportional
to wij . Therefore, when wij is very large (more similar nodes), the data points yi and yj will
be more likely to be closer to one another in the embedded space. The objective function
O can be rewritten in terms of the Laplacian matrix L of weight matrix W . The 
Laplacian
n
matrix L is deﬁned as Λ − W , where Λ is a diagonal matrix satisfying Λii = j=1 wij .
Let the n-dimensional column vector of embedded values be denoted by y = (y1 . . . yn )T . It
can be shown after some algebraic simpliﬁcation that the minimization objective function
O can be rewritten in terms of the Laplacian matrix:
O = 2y T Ly

(2.20)
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The matrix L is positive semideﬁnite with nonnegative eigenvalues because the sum-ofsquares objective function O is always nonnegative. We need to incorporate a scaling constraint to ensure that the trivial value of yi = 0 for all i, is not selected by the optimization
solution. A possible scaling constraint is as follows:
y T Λy = 1

(2.21)

The use of the matrix Λ in the constraint of Eq. 2.21 is essentially a normalization constraint,
which is discussed in detail in Sect. 19.3.4 of Chap. 19.
It can be shown that the value of O is optimized by selecting y as the smallest eigenvector of the relationship Λ−1 Ly = λy. However, the smallest eigenvalue is always 0, and
it corresponds to the trivial solution where the node embedding y is proportional to the
vector containing only 1s. This trivial eigenvector is non-informative because it corresponds
to an embedding in which every node is mapped to the same point. Therefore, it can be
discarded, and it is not used in the analysis. The second-smallest eigenvector then provides
an optimal solution that is more informative.
This solution can be generalized to ﬁnding an optimal k-dimensional embedding by
determining successive directions corresponding to eigenvectors with increasing eigenvalues.
After discarding the ﬁrst trivial eigenvector e1 with eigenvalue λ1 = 0, this results in a set
of k eigenvectors e2 , e3 . . . ek+1 , with corresponding eigenvalues λ2 ≤ λ3 ≤ . . . ≤ λk+1 . Each
eigenvector is of length n and contains one coordinate value for each node. The ith value
along the jth eigenvector represents the jth coordinate of the ith node. This creates an
n × k matrix, corresponding to the k-dimensional embedding of the n nodes.
What do the small magnitude eigenvectors intuitively represent in the new transformed
space? By using the ordering of the nodes along a small magnitude eigenvector to create a
cut, the weight of the edges across the cut is likely to be small. Thus, this represents a cluster
in the space of nodes. In practice, the k smallest eigenvectors (after ignoring the ﬁrst) are
selected to perform the reduction and create a k-dimensional embedding. This embedding
typically contains an excellent representation of the underlying similarity structure of the
nodes. The embedding can be used for virtually any similarity-based application, although
the most common application of this approach is spectral clustering. Many variations of
this approach exist in terms of how the Laplacian L is normalized, and in terms of how the
ﬁnal clusters are generated. The spectral clustering method will be discussed in detail in
Sect. 19.3.4 of Chap. 19.

2.5

Summary

Data preparation is an important part of the data mining process because of the sensitivity
of the analytical algorithms to the quality of the input data. The data mining process
requires the collection of raw data from a variety of sources that may be in a form which
is unsuitable for direct application of analytical algorithms. Therefore, numerous methods
may need to be applied to extract features from the underlying data. The resulting data
may have signiﬁcant missing values, errors, inconsistencies, and redundancies. A variety
of analytical methods and data scrubbing tools exist for imputing the missing entries or
correcting inconsistencies in the data.
Another important issue is that of data heterogeneity. The analyst may be faced with
a multitude of attributes that are distinct, and therefore the direct application of data
mining algorithms may not be easy. Therefore, data type portability is important, wherein
some subsets of attributes are converted to a predeﬁned format. The multidimensional

Chapter 3

Similarity and Distances

“Love is the power to see similarity in the dissimilar.”—Theodor Adorno

3.1

Introduction

Many data mining applications require the determination of similar or dissimilar objects,
patterns, attributes, and events in the data. In other words, a methodical way of quantifying similarity between data objects is required. Virtually all data mining problems, such
as clustering, outlier detection, and classiﬁcation, require the computation of similarity. A
formal statement of the problem of similarity or distance quantiﬁcation is as follows:
Given two objects O1 and O2 , determine a value of the similarity Sim(O1 , O2 ) (or distance Dist(O1 , O2 )) between the two objects.
In similarity functions, larger values imply greater similarity, whereas in distance functions, smaller values imply greater similarity. In some domains, such as spatial data, it is
more natural to talk about distance functions, whereas in other domains, such as text, it is
more natural to talk about similarity functions. Nevertheless, the principles involved in the
design of such functions are generally invariant across diﬀerent data domains. This chapter will, therefore, use either of the terms “distance function” and “similarity function,”
depending on the domain at hand. Similarity and distance functions are often expressed in
closed form (e.g., Euclidean distance), but in some domains, such as time-series data, they
are deﬁned algorithmically and cannot be expressed in closed form.
Distance functions are fundamental to the eﬀective design of data mining algorithms,
because a poor choice in this respect may be very detrimental to the quality of the results.
Sometimes, data analysts use the Euclidean function as a “black box” without much thought
about the overall impact of such a choice. It is not uncommon for an inexperienced analyst
to invest signiﬁcant eﬀort in the algorithmic design of a data mining problem, while treating
the distance function subroutine as an afterthought. This is a mistake. As this chapter will
elucidate, poor choices of the distance function can sometimes be disastrously misleading
C. C. Aggarwal, Data Mining: The Textbook, DOI 10.1007/978-3-319-14142-8 3
c Springer International Publishing Switzerland 2015


63

64

CHAPTER 3. SIMILARITY AND DISTANCES

depending on the application domain. Good distance function design is also crucial for type
portability. As discussed in Sect. 2.4.4.3 of Chap. 2, spectral embedding can be used to
convert a similarity graph constructed on any data type into multidimensional data.
Distance functions are highly sensitive to the data distribution, dimensionality, and data
type. In some data types, such as multidimensional data, it is much simpler to deﬁne and
compute distance functions than in other types such as time-series data. In some cases,
user intentions (or training feedback on object pairs) are available to supervise the distance
function design. Although this chapter will primarily focus on unsupervised methods, we
will also brieﬂy touch on the broader principles of using supervised methods.
This chapter is organized as follows. Section 3.2 studies distance functions for multidimensional data. This includes quantitative, categorical, and mixed attribute data. Similarity
measures for text, binary, and set data are discussed in Sect. 3.3. Temporal data is discussed
in Sect. 3.4. Distance functions for graph data are addressed in Sect. 3.5. A discussion of
supervised similarity will be provided in Sect. 3.6. Section 3.7 gives a summary.

3.2

Multidimensional Data

Although multidimensional data are the simplest form of data, there is signiﬁcant diversity
in distance function design across diﬀerent attribute types such as categorical or quantitative
data. This section will therefore study each of these types separately.

3.2.1

Quantitative Data

The most common distance function for quantitative data is the Lp -norm. The Lp -norm
between two data points X = (x1 . . . xd ) and Y = (y1 . . . yd ) is deﬁned as follows:

Dist(X, Y ) =

d


1/p
|xi − yi |

p

.

(3.1)

i=1

Two special cases of the Lp -norm are the Euclidean (p = 2) and the Manhattan (p = 1)
metrics. These special cases derive their intuition from spatial applications where they have
clear physical interpretability. The Euclidean distance is the straight-line distance between
two data points. The Manhattan distance is the “city block” driving distance in a region in
which the streets are arranged as a rectangular grid, such as the Manhattan Island of New
York City.
A nice property of the Euclidean distance is that it is rotation-invariant because the
straight-line distance between two data points does not change with the orientation of the
axis system. This property also means that transformations, such as PCA, SVD, or the
wavelet transformation for time series (discussed in Chap. 2), can be used on the data
without aﬀecting1 the distance. Another interesting special case is that obtained by setting
p = ∞. The result of this computation is to select the dimension for which the two objects
are the most distant from one another and report the absolute value of this distance. All
other features are ignored.a
The Lp -norm is one of the most popular distance functions used by data mining analysts.
One of the reasons for its popularity is the natural intuitive appeal and interpretability of
L1 - and L2 -norms in spatial applications. The intuitive interpretability of these distances
does not, however, mean that they are the most relevant ones, especially for the highdimensional case. In fact, these distance functions may not work very well when the data
1 The distances are aﬀected after dimensions are dropped. However, the transformation itself does not
impact distances.
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Figure 3.1: Reduction in distance contrasts with increasing dimensionality and norms
are high dimensional because of the varying impact of data sparsity, distribution, noise,
and feature relevance. This chapter will discuss these broader principles in the context of
distance function design.
3.2.1.1

Impact of Domain-Speciﬁc Relevance

In some cases, an analyst may know which features are more important than others for a
particular application. For example, for a credit-scoring application, an attribute such as
salary is much more relevant to the design of the distance function than an attribute such
as gender, though both may have some impact. In such cases, the analyst may choose to
weight the features diﬀerently if domain-speciﬁc knowledge about the relative importance
of diﬀerent features is available. This is often a heuristic process based on experience and
skill. The generalized Lp -distance is most suitable for this case and is deﬁned in a similar
way to the Lp -norm, except that a coeﬃcient ai is associated with the ith feature. This
coeﬃcient is used to weight the corresponding feature component in the Lp -norm:

Dist(X, Y ) =

d


1/p
ai · |xi − yi |

p

.

(3.2)

i=1

This distance is also referred to as the generalized Minkowski distance. In many cases, such
domain knowledge is not available. Therefore, the Lp -norm may be used as a default option.
Unfortunately, without knowledge about the most relevant features, the Lp -norm is susceptible to some undesirable eﬀects of increasing dimensionality, as discussed subsequently.
3.2.1.2

Impact of High Dimensionality

Many distance-based data mining applications lose their eﬀectiveness as the dimensionality
of the data increases. For example, a distance-based clustering algorithm may group unrelated data points because the distance function may poorly reﬂect the intrinsic semantic
distances between data points with increasing dimensionality. As a result, distance-based
models of clustering, classiﬁcation, and outlier detection are often qualitatively ineﬀective.
This phenomenon is referred to as the “curse of dimensionality,” a term ﬁrst coined by
Richard Bellman.
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To better understand the impact of the dimensionality curse on distances, let us examine
a unit cube of dimensionality d that is fully located in the nonnegative quadrant, with one
corner at the origin O. What is the Manhattan distance of the corner of this cube (say, at
the origin) to a randomly chosen point X inside the cube? In this case, because one end
point is the origin, and all coordinates are nonnegative, the Manhattan distance will sum up
the coordinates of X over the diﬀerent dimensions. Each of these coordinates is uniformly
distributed in [0, 1]. Therefore, if Yi represents the uniformly distributed random variable
in [0, 1], it follows that the Manhattan distance is as follows:
Dist(O, X) =

d


(Yi − 0).

(3.3)

i=1

The 
result is a random variable with a mean of μ = d/2 and a standard deviation of
σ = d/12. For large values of d, it can be shown by the law of large numbers that the vast
majority of randomly chosen points inside the cube will lie in the range [Dmin , Dmax ] =
[μ − 3σ, μ + 3σ]. Therefore,
√ most of the points in the cube lie within a distance range of
Dmax − Dmin = 6σ = 3d from the origin. Note that the expected Manhattan distance
grows with dimensionality at a rate that is linearly proportional to d. Therefore, the ratio
of the variation in the distances to the absolute values that is referred to as Contrast(d),
is given by:

Dmax − Dmin
= 12/d.
(3.4)
Contrast(d) =
μ
This ratio can be interpreted as the distance contrast between the diﬀerent data points,
in terms of how diﬀerent the minimum and maximum
distances from the origin might
√
be considered. Because the contrast reduces with d, it means that there is virtually no
contrast with increasing dimensionality. Lower contrasts are obviously not desirable because
it means that the data mining algorithm will score the distances between all pairs of data
points in approximately the same way and will not discriminate well between diﬀerent
pairs of objects with varying levels of semantic relationships. The variation in contrast with
increasing dimensionality is shown in Fig. 3.1a. This behavior is, in fact, observed for all
Lp -norms at diﬀerent values of p, though with varying severity. These diﬀerences in severity
will be explored in a later section. Clearly, with increasing dimensionality, a direct use of
the Lp -norm may not be eﬀective.
3.2.1.3

Impact of Locally Irrelevant Features

A more fundamental way of exploring the eﬀects of high dimensionality is by examining the
impact of irrelevant features. This is because many features are likely to be irrelevant in a
typical high-dimensional data set. Consider, for example, a set of medical records, containing patients with diverse medical conditions and very extensive quantitative measurements
about various aspects of an individual’s medical history. For a cluster containing diabetic
patients, certain attributes such as the blood glucose level are more important for the distance computation. On the other hand, for a cluster containing epileptic patients, a diﬀerent
set of features will be more important. The additive eﬀects of the natural variations in the
many attribute values may be quite signiﬁcant. A distance metric such as the Euclidean
metric may unnecessarily contribute a high value from the more noisy components because
of its square-sum approach. The key point to understand here is that the precise features
that are relevant to the distance computation may sometimes be sensitive to the particular
pair of objects that are being compared. This problem cannot be solved by global feature
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Figure 3.2: Impact of p on contrast
subset selection during preprocessing, because the relevance of features is locally determined
by the pair of objects that are being considered. Globally, all features may be relevant.
When many features are irrelevant, the additive noise eﬀects of the irrelevant features can
sometimes be reﬂected in the concentration of the distances. In any case, such irrelevant features will almost always result in errors in distance computation. Because high-dimensional
data sets are often likely to contain diverse features, many of which are irrelevant, the additive eﬀect with the use of a sum-of-squares approach, such as the L2 -norm, can be very
detrimental.
3.2.1.4

Impact of Diﬀerent Lp -Norms

Diﬀerent Lp -norms do not behave in a similar way either in terms of the impact of irrelevant
features or the distance contrast. Consider the extreme case when p = ∞. This translates to
using only the dimension where the two objects are the most dissimilar. Very often, this may
be the impact of the natural variations in an irrelevant attribute that is not too useful for a
similarity-based application. In fact, for a 1000-dimensional application, if two objects have
similar values on 999 attributes, such objects should be considered very similar. However,
a single irrelevant attribute on which the two objects are very diﬀerent will throw oﬀ the
distance value in the case of the L∞ metric. In other words, local similarity properties of
the data are de-emphasized by L∞ . Clearly, this is not desirable.
This behavior is generally true for larger values of p, where the irrelevant attributes
are emphasized. In fact, it can also be shown that distance contrasts are also poorer for
larger values of p for certain data distributions. In Fig. 3.1b, the distance contrasts have
been illustrated for diﬀerent values of p for the Lp -norm over diﬀerent dimensionalities. The
ﬁgure is constructed using the same approach as Fig. 3.1a. While all Lp -norms degrade with
increasing dimensionality, the degradation is much faster for the plots representing larger
values of p. This trend can be understood better from Fig. 3.2 where the value of p is used
on the X-axis. In Fig. 3.2a, the contrast is illustrated with diﬀerent values of p for data of
diﬀerent dimensionalities. Figure 3.2b is derived from Fig. 3.2a, except that the results show
the fraction of the Manhattan performance achieved by higher order norms. It is evident
that the rate of degradation with increasing p is higher when the dimensionality of the data
is large. For 2-dimensional data, there is very little degradation. This is the reason that the
value of p matters less in lower dimensional applications.
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This argument has been used to propose the concept of fractional metrics, for which
p ∈ (0, 1). Such fractional metrics can provide more eﬀective results for the high-dimensional
case. As a rule of thumb, the larger the dimensionality, the lower the value of p. However,
no exact rule exists on the precise choice of p because dimensionality is not the only factor
in determining the proper value of p. The precise choice of p should be selected in an
application-speciﬁc way, with the use of benchmarking. The bibliographic notes contain
discussions on the use of fractional metrics.
3.2.1.5

Match-Based Similarity Computation

Because it is desirable to select locally relevant features for distance computation, a question
arises as to how this can be achieved in a meaningful and practical way for data mining
applications. A simple approach that is based on the cumulative evidence of matching many
attribute values has been shown to be eﬀective in many scenarios. This approach is also
relatively easy to implement eﬃciently.
A broader principle that seems to work well for high-dimensional data is that the impact
of the noisy variation along individual attributes needs to be de-emphasized while counting
the cumulative match across many dimensions. Of course, such an approach poses challenges
for low-dimensional data, because the cumulative impact of matching cannot be counted
in a statistically robust way with a small number of dimensions. Therefore, an approach is
needed that can automatically adjust to the dimensionality of the data.
With increasing dimensionality, a record is likely to contain both relevant and irrelevant
features. A pair of semantically similar objects may contain feature values that are dissimilar
(at the level of one standard deviation along that dimension) because of the noisy variations
in irrelevant features. Conversely, a pair of objects are unlikely to have similar values across
many attributes, just by chance, unless these attributes were relevant. Interestingly, the
Euclidean metric (and Lp -norm in general) achieves exactly the opposite eﬀect by using
the squared sum of the diﬀerence in attribute values. As a result, the “noise” components
from the irrelevant attributes dominate the computation and mask the similarity eﬀects of a
large number of relevant attributes. The L∞ -norm provides an extreme example of this eﬀect
where the dimension with the largest distance value is used. In high-dimensional domains
such as text, similarity functions such as the cosine measure (discussed in Sect. 3.3), tend
to emphasize the cumulative eﬀect of matches on many attribute values rather than large
distances along individual attributes. This general principle can also be used for quantitative
data.
One way of de-emphasizing precise levels of dissimilarity is to use proximity thresholding in a dimensionality-sensitive way. To perform proximity thresholding, the data are
discretized into equidepth buckets. Each dimension is divided into kd equidepth buckets,
containing a fraction 1/kd of the records. The number of buckets, kd , is dependent on the
data dimensionality d.
Let X = (x1 . . . xd ) and Y = (y1 . . . yd ) be two d-dimensional records. Then, for dimension i, if both xi and yi belong to the same bucket, the two records are said to be in
proximity on dimension i. The subset of dimensions on which X and Y map to the same
bucket is referred to as the proximity set, and it is denoted by S(X, Y , kd ). Furthermore,
for each dimension i ∈ S(X, Y , kd ), let mi and ni be the upper and lower bounds of the
bucket in dimension i, in which the two records are proximate to one another. Then, the
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Figure 3.3: Global data distributions impact distance computations
similarity P Select(X, Y , kd ) is deﬁned as follows:
⎡



P Select(X, Y , kd ) = ⎣

i∈S(X,Y ,kd )


1−

|xi − yi |
mi − ni

p

⎤1/p
⎦

.

(3.5)

The value of the aforementioned expression will vary between 0 and |S(X, Y , kd )| because
each individual expression in the summation lies between 0 and 1. This is a similarity
function because larger values imply greater similarity.
The aforementioned similarity function guarantees a nonzero similarity component only
for dimensions mapping to the same bucket. The use of equidepth partitions ensures that
the probability of two records sharing a bucket for a particular dimension is given by 1/kd .
Thus, on average, the aforementioned summation is likely to have d/kd nonzero components. For more similar records, the number of such components will be greater, and each
individual component is also likely to contribute more to the similarity value. The degree of
dissimilarity on the distant dimensions is ignored by this approach because it is often dominated by noise. It has been shown theoretically [7] that picking kd ∝ d achieves a constant
level of contrast in high-dimensional space for certain data distributions. High values of kd
result in more stringent quality bounds for each dimension. These results suggest that in
high-dimensional space, it is better to aim for higher quality bounds for each dimension,
so that a smaller percentage (not number) of retained dimensions are used in similarity
computation. An interesting aspect of this distance function is the nature of its sensitivity
to data dimensionality. The choice of kd with respect to d ensures that for low-dimensional
applications, it bears some resemblance to the Lp -norm by using most of the dimensions;
whereas for high-dimensional applications, it behaves similar to text domain-like similarity
functions by using similarity on matching attributes. The distance function has also been
shown to be more eﬀective for a prototypical nearest-neighbor classiﬁcation application.
3.2.1.6

Impact of Data Distribution

The Lp -norm depends only on the two data points in its argument and is invariant to the
global statistics of the remaining data points. Should distances depend on the underlying
data distribution of the remaining points in the data set? The answer is yes. To illustrate
this point, consider the distribution illustrated in Fig. 3.3 that is centered at the origin. In
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Figure 3.4: Impact of nonlinear distributions on distance computations
addition, two data points A= (1, 2) and B= (1, −2) are marked in the ﬁgure. Clearly, A and
B are equidistant from the origin according to any Lp -norm. However, a question arises,
as to whether A and B should truly be considered equidistant from the origin O. This is
because the straight line from O to A is aligned with a high-variance direction in the data,
and statistically, it is more likely for data points to be further away in this direction. On
the other hand, many segments of the path from O to B are sparsely populated, and the
corresponding direction is a low-variance direction. Statistically, it is much less likely for B
to be so far away from O along this direction. Therefore, the distance from O to A ought
to be less than that of O to B.
The Mahalanobis distance is based on this general principle. Let Σ be its d×d covariance
matrix of the data set. In this case, the (i, j)th entry of the covariance matrix is equal to the
covariance between the dimensions i and j. Then, the Mahalanobis distance M aha(X, Y )
between two d-dimensional data points X and Y is as follows:

M aha(X, Y ) = (X − Y )Σ−1 (X − Y )T .
A diﬀerent way of understanding the Mahalanobis distance is in terms of principal component analysis (PCA). The Mahalanobis distance is similar to the Euclidean distance, except
that it normalizes the data on the basis of the interattribute correlations. For example, if
the axis system were to be rotated to the principal directions of the data (shown in Fig. 3.3),
then the data would have no (second order) interattribute correlations. The Mahalanobis
distance is equivalent to the Euclidean distance in such a transformed (axes-rotated) data
set after dividing each of the transformed coordinate values by the standard deviation of
the data along that direction. As a result, the data point B will have a larger distance from
the origin than data point A in Fig. 3.3.
3.2.1.7

Nonlinear Distributions: ISOMAP

We now examine the case in which the data contain nonlinear distributions of arbitrary
shape. For example, consider the global distribution illustrated in Fig. 3.4. Among the three
data points A, B, and C, which pair are the closest to one another? At ﬁrst sight, it would
seem that data points A and B are the closest on the basis of Euclidean distance. However,
the global data distribution tells us otherwise. One way of understanding distances is as the
shortest length of the path from one data point to another, when using only point-to-point
jumps from data points to one of their k-nearest neighbors based on a standard metric
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Figure 3.5: Impact of ISOMAP embedding on distances
such as the Euclidean measure. The intuitive rationale for this is that only short pointto-point jumps can accurately measure minor changes in the generative process for that
point. Therefore, the overall sum of the point-to-point jumps reﬂects the aggregate change
(distance) from one point to another (distant) point more accurately than a straight-line
distance between the points. Such distances are referred to as geodesic distances. In the
case of Fig. 3.4, the only way to walk from A to B with short point-to-point jumps is to
walk along the entire elliptical shape of the data distribution while passing C along the way.
Therefore, A and B are actually the farthest pair of data points (from A, B, and C) on this
basis! The implicit assumption is that nonlinear distributions are locally Euclidean but are
globally far from Euclidean.
Such distances can be computed by using an approach that is derived from a nonlinear dimensionality reduction and embedding method, known as ISOMAP. The approach
consists of two steps:
1. Compute the k-nearest neighbors of each point. Construct a weighted graph G with
nodes representing data points, and edge weights (costs) representing distances of
these k-nearest neighbors.
2. For any pair of points X and Y , report Dist(X, Y ) as the shortest path between the
corresponding nodes in G.
These two steps are already able to compute the distances without explicitly performing
dimensionality reduction. However, an additional step of embedding the data into a multidimensional space makes repeated distance computations between many pairs of points much
faster, while losing some accuracy. Such an embedding also allows the use of algorithms
that work naturally on numeric multidimensional data with predeﬁned distance metrics.
This is achieved by using the all-pairs shortest-path problem to construct the full set of
distances between any pair of nodes in G. Subsequently, multidimensional scaling (MDS)
(cf. Sect. 2.4.4.2 of Chap. 2) is applied to embed the data into a lower dimensional space.
The overall eﬀect of the approach is to “straighten out” the nonlinear shape of Fig. 3.4 and
embed it into a space where the data are aligned along a ﬂat strip. In fact, a 1-dimensional
representation can approximate the data after this transformation. Furthermore, in this new
space, a distance function such as the Euclidean metric will work very well as long as metric
MDS was used in the ﬁnal phase. A 3-dimensional example is illustrated in Fig. 3.5a, in
which the data are arranged along a spiral. In this ﬁgure, data points A and C seem much
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Figure 3.6: Impact of local distributions on distance computations
closer to each other than data point B. However, in the ISOMAP embedding of Fig. 3.5b,
the data point B is much closer to each of A and C. This example shows the drastic eﬀect
of data distributions on distance computation.
In general, high-dimensional data are aligned along nonlinear low-dimensional shapes,
which are also referred to as manifolds. These manifolds can be “ﬂattened out” to a new
representation where metric distances can be used eﬀectively. Thus, this is a data transformation method that facilitates the use of standard metrics. The major computational
challenge is in performing the dimensionality reduction. However, after the one-time preprocessing cost has been paid for, repeated distance computations can be implemented
eﬃciently.
Nonlinear embeddings can also be achieved with extensions of PCA. PCA can be
extended to discovering nonlinear embeddings with the use of a method known as the
kernel trick. Refer to Sect. 10.6.4.1 of Chap. 10 for a brief description of kernel PCA.
3.2.1.8

Impact of Local Data Distribution

The discussion so far addresses the impact of global distributions on the distance computations. However, the distribution of the data varies signiﬁcantly with locality. This variation
may be of two types. For example, the absolute density of the data may vary signiﬁcantly
with data locality, or the shape of clusters may vary with locality. The ﬁrst type of variation
is illustrated in Fig. 3.6a, which has two clusters containing the same number of points, but
one of them is denser than the other. Even though the absolute distance between (A, B)
is identical to that between (C, D), the distance between C and D should be considered
greater on the basis of the local data distribution. In other words, C and D are much farther
away in the context of what their local distributions look like. This problem is often encountered in many distance-based methods such as outlier detection. It has been shown that
methods that adjust for the local variations in the distances typically perform much better
than those that do not adjust for local variations. One of the most well-known methods for
outlier detection, known as Local Outlier Factor (LOF), is based on this principle.
A second example is illustrated in Fig. 3.6b, which illustrates the impact of varying local
orientation of the clusters. Here, the distance between (A, B) is identical to that between
(C, D) using the Euclidean metric. However, the local clusters in each region show very
diﬀerent orientation. The high-variance axis of the cluster of data points relevant to (A, B)
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is aligned along the path from A to B. This is not true for (C, D). As a result, the intrinsic
distance between C and D is much greater than that between A and B. For example, if
the local Mahalanobis distance is computed using the relevant cluster covariance statistics,
then the distance between C and D will evaluate to a larger value than that between A and B.
Shared Nearest-Neighbor Similarity: The ﬁrst problem can be at least partially alleviated with the use of a shared nearest-neighbor similarity. In this approach, the k-nearest
neighbors of each data point are computed in a preprocessing phase. The shared nearestneighbor similarity is equal to the number of common neighbors between the two data
points. This metric is locally sensitive because it depends on the number of common neighbors, and not on the absolute values of the distances. In dense regions, the k-nearest neighbor
distances will be small, and therefore data points need to be closer together to have a larger
number of shared nearest neighbors. Shared nearest-neighbor methods can be used to deﬁne
a similarity graph on the underlying data points in which pairs of data points with at least
one shared neighbor have an edge between them. Similarity graph-based methods are almost
always locality sensitive because of their local focus on the k-nearest neighbor distribution.
Generic Methods: In generic local distance computation methods, the idea is to divide
the space into a set of local regions. The distances are then adjusted in each region using
the local statistics of this region. Therefore, the broad approach is as follows:
1. Partition the data into a set of local regions.
2. For any pair of objects, determine the most relevant region for the pair, and compute
the pairwise distances using the local statistics of that region. For example, the local
Mahalanobis distance may be used in each local region.
A variety of clustering methods are used for partitioning the data into local regions. In
cases where each of the objects in the pair belongs to a diﬀerent region, either the global
distribution may be used, or the average may be computed using both local regions. Another
problem is that the ﬁrst step of the algorithm (partitioning process) itself requires a notion of
distances for clustering. This makes the solution circular, and calls for an iterative solution.
Although a detailed discussion of these methods is beyond the scope of this book, the
bibliographic notes at the end of this chapter provide a number of pointers.
3.2.1.9

Computational Considerations

A major consideration in the design of distance functions is the computational complexity.
This is because distance function computation is often embedded as a subroutine that is
used repeatedly in the application at hand. If the subroutine is not eﬃciently implementable,
the applicability becomes more restricted. For example, methods such as ISOMAP are
computationally expensive and hard to implement for very large data sets because these
methods scale with at least the square of the data size. However, they do have the merit that
a one-time transformation can create a representation that can be used eﬃciently by data
mining algorithms. Distance functions are executed repeatedly, whereas the preprocessing is
performed only once. Therefore, it is deﬁnitely advantageous to use a preprocessing-intensive
approach as long as it speeds up later computations. For many applications, sophisticated
methods such as ISOMAP may be too expensive even for one-time analysis. For such cases,
one of the earlier methods discussed in this chapter may need to be used. Among the
methods discussed in this section, carefully chosen Lp -norms and match-based techniques
are the fastest methods for large-scale applications.
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Categorical Data

Distance functions are naturally computed as functions of value diﬀerences along dimensions
in numeric data, which is ordered. However, no ordering exists among the discrete values
of categorical data. How can distances be computed? One possibility is to transform the
categorical data to numeric data with the use of the binarization approach discussed in
Sect. 2.2.2.2 of Chap. 2. Because the binary vector is likely to be sparse (many zero values),
similarity functions can be adapted from other sparse domains such as text. For the case of
categorical data, it is more common to work with similarity functions rather than distance
functions because discrete values can be matched more naturally.
Consider two records X = (x1 . . . xd ) and Y = (y1 . . . yd ). The simplest possible similarity between the records X and Y is the sum of the similarities on the individual attribute
values. In other words, if S(xi , yi ) is the similarity between the attributes values xi and yi ,
then the overall similarity is deﬁned as follows:
Sim(X, Y ) =

d


S(xi , yi ).

i=1

Therefore, the choice of S(xi , yi ) deﬁnes the overall similarity function.
The simplest possible choice is to set S(xi , yi ) to 1 when xi = yi and 0 otherwise. This is
also referred to as the overlap measure. The major drawback of this measure is that it does
not account for the relative frequencies among the diﬀerent attributes. For example, consider
a categorical attribute in which the attribute value is “Normal” for 99 % of the records, and
either “Cancer” or “Diabetes” for the remaining records. Clearly, if two records have a
“Normal” value for this variable, this does not provide statistically signiﬁcant information
about the similarity, because the majority of pairs are likely to show that pattern just by
chance. However, if the two records have a matching “Cancer” or “Diabetes” value for this
variable, it provides signiﬁcant statistical evidence of similarity. This argument is similar
to that made earlier about the importance of the global data distribution. Similarities or
diﬀerences that are unusual are statistically more signiﬁcant than those that are common.
In the context of categorical data, the aggregate statistical properties of the data set
should be used in computing similarity. This is similar to how the Mahalanobis distance
was used to compute similarity more accurately with the use of global statistics. The idea is
that matches on unusual values of a categorical attribute should be weighted more heavily
than values that appear frequently. This also forms the underlying principle of many common normalization techniques that are used in domains such as text. An example, which
is discussed in the next section, is the use of inverse document frequency (IDF) in the
information retrieval domain. An analogous measure for categorical data will be introduced
here.
The inverse occurrence frequency is a generalization of the simple matching measure.
This measure weights the similarity between the matching attributes of two records by an
inverse function of the frequency of the matched value. Thus, when xi = yi , the similarity
S(xi , yi ) is equal to the inverse weighted frequency, and 0 otherwise. Let pk (x) be the
fraction of records in which the kth attribute takes on the value of x in the data set. In
other words, when xi = yi , the value of S(xi , yi ) is 1/pk (xi )2 and 0 otherwise.

1/pk (xi )2 if xi = yi
S(xi , yi ) =
(3.6)
0
otherwise
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A related measure is the Goodall measure. As in the case of the inverse occurrence
frequency, a higher similarity value is assigned to a match when the value is infrequent.
In a simple variant of this measure [104], the similarity on the kth attribute is deﬁned as
1 − pk (xi )2 , when xi = yi , and 0 otherwise.

1 − pk (xi )2 if xi = yi
S(xi , yi ) =
(3.7)
0
otherwise
The bibliographic notes contain pointers to various similarity measures for categorical data.

3.2.3

Mixed Quantitative and Categorical Data

It is fairly straightforward to generalize the approach to mixed data by adding the weights
of the numeric and quantitative components. The main challenge is in deciding how to
assign the weights of the quantitative and categorical components. For example, consider
two records X = (Xn , Xc ) and Y = (Yn , Yc ) where Xn , Yn are the subsets of numerical
attributes and Xc , Yc are the subsets of categorical attributes. Then, the overall similarity
between X and Y is deﬁned as follows:
Sim(X, Y ) = λ · N umSim(Xn , Yn ) + (1 − λ) · CatSim(Xc , Yc ).

(3.8)

The parameter λ regulates the relative importance of the categorical and numerical
attributes. The choice of λ is a diﬃcult one. In the absence of domain knowledge about
the relative importance of attributes, a natural choice is to use a value of λ that is equal to
the fraction of numerical attributes in the data. Furthermore, the proximity in numerical
data is often computed with the use of distance functions rather than similarity functions.
However, distance values can be converted to similarity values as well. For a distance value
of dist, a common approach is to use a kernel mapping that yields [104] the similarity value
of 1/(1 + dist).
Further normalization is required to meaningfully compare the similarity value components on the numerical and categorical attributes that may be on completely diﬀerent
scales. One way of achieving this goal is to determine the standard deviations in the similarity values over the two domains with the use of sample pairs of records. Each component of
the similarity value (numerical or categorical) is divided by its standard deviation. Therefore, if σc and σn are the standard deviations of the similarity values in the categorical and
numerical components, then Eq. 3.8 needs to be modiﬁed as follows:
Sim(X, Y ) = λ · N umSim(Xn , Yn )/σn + (1 − λ) · CatSim(Xc , Yc )/σc .

(3.9)

By performing this normalization, the value of λ becomes more meaningful, as a true relative
weight between the two components. By default, this weight can be set to be proportional
to the number of attributes in each component unless speciﬁc domain knowledge is available
about the relative importance of attributes.

3.3

Text Similarity Measures

Strictly speaking, text can be considered quantitative multidimensional data when it is
treated as a bag of words. The frequency of each word can be treated as a quantitative
attribute, and the base lexicon can be treated as the full set of attributes. However, the
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structure of text is sparse in which most attributes take on 0 values. Furthermore, all word
frequencies are nonnegative. This special structure of text has important implications for
similarity computation and other mining algorithms. Measures such as the Lp -norm do not
adjust well to the varying length of the diﬀerent documents in the collection. For example,
the L2 -distance between two long documents will almost always be larger than that between
two short documents even if the two long documents have many words in common, and the
short documents are completely disjoint. How can one normalize for such irregularities?
One way of doing so is by using the cosine measure. The cosine measure computes the angle
between the two documents, which is insensitive to the absolute length of the document.
Let X = (x1 . . . xd ) and Y = (y1 . . . yd ) be two documents on a lexicon of size d. Then, the
cosine measure cos(X, Y ) between X and Y can be deﬁned as follows:
d
x i · yi
cos(X, Y ) =  i=1 
.
(3.10)
d
d
2·
2
x
y
i=1 i
i=1 i
The aforementioned measure simply uses the raw frequencies between attributes. However,
as in other data types, it is possible to use global statistical measures to improve the
similarity computation. For example, if two documents match on an uncommon word, it is
more indicative of similarity than the case where two documents match on a word that occurs
very commonly. The inverse document frequency idi , which is a decreasing function of the
number of documents ni in which the ith word occurs, is commonly used for normalization:
idi = log(n/ni ).

(3.11)

Here, the number of documents in the collection is denoted by n. Another common adjustment is to ensure that the excessive presence of single word does not throw oﬀ the similarity
measure. A damping function f (·), such as the square root or the logarithm, is optionally
applied to the frequencies before similarity computation.
√
f (xi ) = xi
f (xi ) = log(xi )
In many cases, the damping function is not used, which is equivalent to setting f (xi ) to xi .
Therefore, the normalized frequency h(xi ) for the ith word may be deﬁned as follows:
h(xi ) = f (xi ) · idi .

(3.12)

Then, the cosine measure is deﬁned as in Eq. 3.10, except that the normalized frequencies
of the words are used:
d
i=1 h(xi ) · h(yi )

.
(3.13)
cos(X, Y ) = 
d
d
2·
2
h(x
)
h(y
)
i
i
i=1
i=1
Another measure that is less commonly used for text is the Jaccard coeﬃcient J(X, Y ):
d
i=1 h(xi ) · h(yi )
J(X, Y ) = d
.
(3.14)
d
d
2
2
i=1 h(xi ) +
i=1 h(yi ) −
i=1 h(xi ) · h(yi )
The Jaccard coeﬃcient is rarely used for the text domain, but it is used commonly for
sparse binary data sets.
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Binary and Set Data

Binary multidimensional data are a representation of set-based data, where a value of 1
indicates the presence of an element in a set. Binary data occur commonly in marketbasket domains in which transactions contain information corresponding to whether or not
an item is present in a transaction. It can be considered a special case of text data in which
word frequencies are either 0 or 1. If SX and SY are two sets with binary representations
X and Y , then it can be shown that applying Eq. 3.14 to the raw binary representation of
the two sets is equivalent to:
d
|SX ∩ SY |
i=1 xi · yi
.
(3.15)
=
J(X, Y ) = d
d
d
2
2
|SX ∪ SY |
i=1 xi +
i=1 yi −
i=1 xi · yi
This is a particularly intuitive measure because it carefully accounts for the number of
common and disjoint elements in the two sets.

3.4

Temporal Similarity Measures

Temporal data contain a single contextual attribute representing time and one or more
behavioral attributes that measure the properties varying along a particular time period.
Temporal data may be represented as continuous time series, or as discrete sequences,
depending on the application domain. The latter representation may be viewed as the
discrete version of the former. It should be pointed out that discrete sequence data are not
always temporal because the contextual attribute may represent placement. This is typically
the case in biological sequence data. Discrete sequences are also sometimes referred to as
strings. Many of the similarity measures used for time series and discrete sequences can be
reused across either domain, though some of the measures are more suited to one of the
domains. Therefore, this section will address both data types, and each similarity measure
will be discussed in a subsection on either continuous series or discrete series, based on its
most common use. For some measures, the usage is common across both data types.

3.4.1

Time-Series Similarity Measures

The design of time-series similarity measures is highly application speciﬁc. For example, the
simplest possible similarity measure between two time series of equal length is the Euclidean
metric. Although such a metric may work well in many scenarios, it does not account for
several distortion factors that are common in many applications. Some of these factors are
as follows:
1. Behavioral attribute scaling and translation: In many applications, the diﬀerent time
series may not be drawn on the same scales. For example, the time series representing
various stocks prices may show similar patterns of movements, but the absolute values
may be very diﬀerent both in terms of the mean and the standard deviation. For
example, the share prices of several diﬀerent hypothetical stock tickers are illustrated
in Fig. 3.7. All three series show similar patterns but with diﬀerent scaling and some
random variations. Clearly, they show similar patterns but cannot be meaningfully
compared if the absolute values of the series are used.
2. Temporal (contextual) attribute translation: In some applications, such as real-time
analysis of ﬁnancial markets, the diﬀerent time series may represent the same periods
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Figure 3.7: Impact of scaling, translation, and noise
in time. In other applications, such as the analysis of the time series obtained from
medical measurements, the absolute time stamp of when the reading was taken is not
important. In such cases, the temporal attribute value needs to be shifted in at least
one of the time series to allow more eﬀective matching.
3. Temporal (contextual) attribute scaling: In this case, the series may need to be
stretched or compressed along the temporal axis to allow more eﬀective matching.
This is referred to as time warping. An additional complication is that diﬀerent temporal segments of the series may need to be warped diﬀerently to allow for better
matching. In Fig. 3.7, the simplest case of warping is shown where the entire set
of values for stock A has been stretched. In general, the time warping can be more
complex where diﬀerent windows in the same series may be stretched or compressed
diﬀerently. This is referred to as dynamic time warping (DTW).
4. Noncontiguity in matching: Long time series may have noisy segments that do not
match very well with one another. For example, one of the series in Fig. 3.7 has a
window of dropped readings because of data collection limitations. This is common
in sensor data. The distance function may need to be robust to such noise.
Some of these issues can be addressed by attribute normalization during preprocessing.
3.4.1.1

Impact of Behavioral Attribute Normalization

The translation and scaling issues are often easier to address for the behavioral attributes as
compared to contextual attributes, because they can be addressed by normalization during
preprocessing:
1. Behavioral attribute translation: The behavioral attribute is mean centered during
preprocessing.
2. Behavioral attribute scaling: The standard deviation of the behavioral attribute is
scaled to 1 unit.
It is important to remember that these normalization issues may not be relevant to every
application. Some applications may require only translation, only scaling, or neither of
the two. Other applications may require both. In fact, in some cases, the wrong choice of
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Figure 3.8: Illustration of dynamic time warping by repeating elements
normalization may have detrimental eﬀects on the interpretability of the results. Therefore,
an analyst needs to judiciously select a normalization approach depending on applicationspeciﬁc needs.
3.4.1.2

Lp -Norm

The Lp -norm may be deﬁned for two series X = (x1 . . . xn ) and Y = (y1 . . . yn ). This
measure treats a time series as a multidimensional data point in which each time stamp is
a dimension.
1/p
 n

p
|xi − yi |
(3.16)
Dist(X, Y ) =
i=1

The Lp -norm can also be applied to wavelet transformations of the time series. In the
special case where p = 2, accurate distance computations are obtained with the wavelet
representation, if most of the larger wavelet coeﬃcients are retained in the representation.
In fact, it can be shown that if no wavelet coeﬃcients are removed, then the distances are
identical between the two representations. This is because wavelet transformations can be
viewed as a rotation of an axis system in which each dimension represents a time stamp.
Euclidean metrics are invariant to axis rotation. The major problem with Lp -norms is that
they are designed for time series of equal length and cannot address distortions on the
temporal (contextual) attributes.
3.4.1.3

Dynamic Time Warping Distance

DTW stretches the series along the time axis in a varying (or dynamic) way over diﬀerent
portions to enable more eﬀective matching. An example of warping is illustrated in Fig. 3.8a,
where the two series have very similar shape in segments A, B, and C, but speciﬁc segments
in each series need to be stretched appropriately to enable better matching. The DTW
measure has been adapted from the ﬁeld of speech recognition, where time warping was
deemed necessary to match diﬀerent speaking speeds. DTW can be used either for timeseries or sequence data, because it addresses only the issue of contextual attribute scaling,
and it is unrelated to the nature of the behavioral attribute. The following description is a
generic one, which can be used either for time-series or sequence data.
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The Lp -metric can only be deﬁned between two time series of equal length. However,
DTW, by its very nature, allows the measurement of distances between two series of diﬀerent
lengths. In the Lp distance, a one-to-one mapping exists between the time stamps of the
two time series. However, in DTW, a many-to-one mapping is allowed to account for the
time warping. This many-to-one mapping can be thought of in terms of repeating some of
the elements in carefully chosen segments of either of the two time series. This can be used
to artiﬁcially create two series of the same length that have a one-to-one mapping between
them. The distances can be measured on the resulting warped series using any distance
measure such as the Lp -norm. For example, in Fig. 3.8b, some elements in a few segments
of either series are repeated to create a one-to-one mapping between the two series. Note
that the two series now look much more similar than the two series in Fig. 3.8a. Of course,
this repeating can be done in many diﬀerent ways, and the goal is to perform it in an
optimal way to minimize the DTW distance. The optimal choice of warping is determined
using dynamic programming.
To understand how DTW generalizes a one-to-one distance metric such as the Lp -norm,
consider the L1 (Manhattan) metric M (Xi , Yi ), computed on the ﬁrst i elements of two
time series X = (x1 . . . xn ) and Y = (y1 . . . yn ) of equal length. The value of M (Xi , Yi ) can
be written recursively as follows:
M (Xi , Yi ) = |xi − yi | + M (Xi−1 , Yi−1 ).

(3.17)

Note that the indices of both series are reduced by 1 in the right-hand side because of the
one-to-one matching. In DTW, both indices need not reduce by 1 unit because a many-toone mapping is allowed. Rather, any one or both indices may reduce by 1, depending on the
best match between the two time series (or sequences). The index that did not reduce by
1 corresponds to the repeated element. The choice of index reduction is naturally deﬁned,
recursively, as an optimization over the various options.
Let DT W (i, j) be the optimal distance between the ﬁrst i and ﬁrst j elements of two
time series X = (x1 . . . xm ) and Y = (y1 . . . yn ), respectively. Note that the two time series
are of lengths m and n, which may not be the same. Then, the value of DT W (i, j) is deﬁned
recursively as follows:
⎧
⎪
repeat xi
⎨DT W (i, j − 1)
.
(3.18)
DT W (i, j) = distance(xi , yj ) + min DT W (i − 1, j)
repeat yj
⎪
⎩
DT W (i − 1, j − 1) repeat neither
The value of distance(xi , yj ) may be deﬁned in a variety of ways, depending on the application domain. For example, for continuous time series, it may be deﬁned as |xi − yi |p , or
by a distance that accounts for (behavioral attribute) scaling and translation. For discrete
sequences, it may be deﬁned using a categorical measure. The DTW approach is primarily
focused on warping the contextual attribute, and has little to do with the nature of the
behavioral attribute or distance function. Because of this fact, time warping can easily be
extended to multiple behavioral attributes by simply using the distances along multiple
attributes in the recursion.
Equation 3.18 yields a natural iterative approach. The approach starts by initializing
DT W (0, 0) to 0, DT W (0, j) to ∞ for j ∈ {1 . . . n}, and DT W (i, 0) to ∞ for i ∈ {1 . . . m}.
The algorithm computes DT W (i, j) by repeatedly executing Eq. 3.18 with increasing index
values of i and j. This can be achieved by a simple nested loop in which the indices i and
j increase from 1 to m and 1 to n, respectively:
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Figure 3.9: Illustration of warping paths

for i = 1 to m
for j = 1 to n
compute DT W (i, j) using Eq. 3.18
The aforementioned code snippet is a nonrecursive and iterative approach. It is also
possible to implement a recursive computer program by directly using Eq. 3.18. Therefore,
the approach requires the computation of all values of DT W (i, j) for every i ∈ [1, m] and
every j ∈ [1, n]. This is a m × n grid of values, and therefore the approach may require
O(m · n) iterations, where m and n are lengths of the series.
The optimal warping can be understood as an optimal path through diﬀerent values of
i and j in the m × n grid of values, as illustrated in Fig. 3.9. Three possible paths, denoted
by A, B, and C, are shown in the ﬁgure. These paths only move to the right (increasing i
and repeating yj ), upward (increasing j and repeating xi ), or both (repeating neither).
A number of practical constraints are often added to the DTW computation. One commonly used constraint is the window constraint that imposes a minimum level w of positional
alignment between matched elements. The window constraint requires that DT W (i, j) be
computed only when |i − j| ≤ w. Otherwise, the value may be set to ∞ by default. For
example, the paths B and C in Fig. 3.9 no longer need to be computed. This saves the
computation of many values in the dynamic programming recursion. Correspondingly, the
computations in the inner variable j of the nested loop above can be saved by constraining
the index j, so that it is never more than w units apart from the outer loop variable i.
Therefore, the inner loop index j is varied from max{0, i − w} to min{n, i + w}.
The DTW distance can be extended to multiple behavioral attributes easily, if it is
assumed that the diﬀerent behavioral attributes have the same time warping. In this case,
the recursion is unchanged, and the only diﬀerence is that distance(xi , yj ) is computed
using a vector-based distance measure. We have used a bar on xi and yj to denote that
these are vectors of multiple behavioral attributes. This multivariate extension is discussed
in Sect. 16.3.4.1 of Chap. 16 for measuring distances between 2-dimensional trajectories.
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Window-Based Methods

The example in Fig. 3.7 illustrates a case where dropped readings may cause a gap in
the matching. Window-based schemes attempt to decompose the two series into windows
and then “stitch” together the similarity measure. The intuition here is that if two series
have many contiguous matching segments, they should be considered similar. For long time
series, a global match becomes increasingly unlikely. The only reasonable choice is the use
of windows for measurement of segment-wise similarity.
Consider two time series X and Y , and let X1 . . . Xr and Y1 . . . Yr be temporally ordered
and nonoverlapping windows extracted from the respective series. Note that some windows
from the base series may not be included in these segments at all. These correspond to
the noise segments that are dropped. Then, the overall similarity between X and Y can be
computed as follows:
r

M atch(Xi , Yi ).
(3.19)
Sim(X, Y ) =
i=1

A variety of measures discussed in this section may be used to instantiate the value
of M atch(Xi , Yi ). It is tricky to determine the proper value of M atch(Xi , Yi ) because a
contiguous match along a long window is more unusual than many short segments of the
same length. The proper choice of M atch(Xi , Yi ) may depend on the application at hand.
Another problem is that the optimal decomposition of the series into windows may be a
diﬃcult task. These methods are not discussed in detail here, but the interested reader is
referred to the bibliographic notes for pointers to relevant methods.

3.4.2

Discrete Sequence Similarity Measures

Discrete sequence similarity measures are based on the same general principles as timeseries similarity measures. As in the case of time-series data, discrete sequence data may
or may not have a one-to-one mapping between the positions. When a one-to-one mapping
does exist, many of the multidimensional categorical distance measures can be adapted to
this domain, just as the Lp -norm can be adapted to continuous time series. However, the
application domains of discrete sequence data are most often such that a one-to-one mapping
does not exist. Aside from the DTW approach, a number of other dynamic programming
methods are commonly used.
3.4.2.1

Edit Distance

The edit distance deﬁnes the distance between two strings as the least amount of “eﬀort”
(or cost) required to transform one sequence into another by using a series of transformation
operations, referred to as “edits.” The edit distance is also referred to as the Levenshtein
distance. The edit operations include the use of symbol insertions, deletions, and replacements with speciﬁc costs. In many models, replacements are assumed to have higher cost
than insertions or deletions, though insertions and deletions are usually assumed to have
the same cost. Consider the sequences ababababab and bababababa, which are drawn on
the alphabet {a, b}. The ﬁrst string can be transformed to the second in several ways. For
example, if every alphabet in the ﬁrst string was replaced by the other alphabet, it would
result in the second string. The cost of doing so is that of ten replacements. However, a more
cost-eﬃcient way of achieving the same goal is to delete the leftmost element of the string,
and insert the symbol “a” as the rightmost element. The cost of this sequence of operations
is only one insertion and one deletion. The edit distance is deﬁned as the optimal cost to
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transform one string to another with a sequence of insertions, deletions, and replacements.
The computation of the optimal cost requires a dynamic programming recursion.
For two sequences X = (x1 . . . xm ) and Y = (y1 . . . yn ), let the edits be performed on
sequence X to transform to Y . Note that this distance function is asymmetric because of
the directionality to the edit. For example, Edit(X, Y ) may not be the same as Edit(Y , X)
if the insertion and deletion costs are not identical. In practice, however, the insertion and
deletion costs are assumed to be the same.
Let Iij be a binary indicator that is 0 when the ith symbol of X and jth symbols of Y
are the same. Otherwise, the value of this indicator is 1. Then, consider the ﬁrst i symbols
of X and the ﬁrst j symbols of Y . Assume that these segments are represented by Xi and
Yj , respectively. Let Edit(i, j) represent the optimal matching cost between these segments.
The goal is to determine what operation to perform on the last element of Xi so that it
either matches an element in Yj , or it is deleted. Three possibilities arise:
1. The last element of Xi is deleted, and the cost of this is [Edit(i−1, j)+Deletion Cost].
The last element of the truncated segment Xi−1 may or may not match the last
element of Yj at this point.
2. An element is inserted at the end of Xi to match the last element of Yj , and the cost
of this is [Edit(i, j − 1) + Insertion Cost]. The indices of the edit term Edit(i, j − 1)
reﬂect the fact that the matched elements of both series can now be removed.
3. The last element of Xi is ﬂipped to that of Yj if it is diﬀerent, and the cost of this
is [Edit(i − 1, j − 1) + Iij · (Replacement Cost)]. In cases where the last elements are
the same, the additional replacement cost is not incurred, but progress is nevertheless
made in matching. This is because the matched elements (xi , yj ) of both series need
not be considered further, and residual matching cost is Edit(i − 1, j − 1).
Clearly, it is desirable to pick the minimum of these costs for the optimal matching. Therefore, the optimal matching is deﬁned by the following recursion:
⎧
⎪
⎨Edit(i − 1, j) + Deletion Cost
.
(3.20)
Edit(i, j) = min Edit(i, j − 1) + Insertion Cost
⎪
⎩
Edit(i − 1, j − 1) + Iij · (Replacement Cost)
Furthermore, the bottom of the recursion also needs to be set up. The value of Edit(i, 0) is
equal to the cost of i deletions for any value of i, and that of Edit(0, j) is equal to the cost
of j insertions for any value of j. This nicely sets up the dynamic programming approach.
It is possible to write the corresponding computer program either as a nonrecursive nested
loop (as in DTW) or as a recursive computer program that directly uses the aforementioned
cases.
The aforementioned discussion assumes general insertion, deletion, and replacement
costs. In practice, however, the insertion and deletion costs are usually assumed to be
the same. In such a case, the edit function is symmetric because it does not matter which
of the two strings is edited to the other. For any sequence of edits from one string to the
other, a reverse sequence of edits, with the same cost, will exist from the other string to the
ﬁrst.
The edit distance can be extended to numeric data by changing the primitive operations
of insert, delete, and replace to transformation rules that are designed for time series. Such
transformation rules can include making basic changes to the shape of the time series in
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window segments. This is more complex because it requires one to design the base set of
allowed time-series shape transformations and their costs. Such an approach has not found
much popularity for time-series distance computation.
3.4.2.2

Longest Common Subsequence

A subsequence of a sequence is a set of symbols drawn from the sequence in the same
order as the original sequence. A subsequence is diﬀerent from a substring in that the
values of the subsequence need not be contiguous, whereas the values in the substring
need to be contiguous. Consider the sequences agbf cgdhei and af bgchdiei. In this case,
ei is a substring of both sequences and also a subsequence. However, abcde and f gi are
subsequences of both strings but not substrings. Clearly, subsequences of longer length are
indicative of a greater level of matching between the strings. Unlike the edit distance, the
longest common subsequence (LCSS) is a similarity function because higher values indicate
greater similarity. The number of possible subsequences is exponentially related to the
length of a string. However, the LCSS can be computed in polynomial time with a dynamic
programming approach.
For two sequences X = (x1 . . . xm ) and Y = (y1 . . . yn ), consider the ﬁrst i symbols of
X and the ﬁrst j symbols of Y . Assume that these segments are represented by Xi and Yj ,
respectively. Let LCSS(i, j) represent the optimal LCSS values between these segments.
The goal here is to either match the last element of Xi and Yj , or delete the last element
in one of the two sequences. Two possibilities arise:
1. The last element of Xi matches Yj , in which case, it cannot hurt to instantiate the
matching on the last element and then delete the last element of both sequences. The
similarity value LCSS(i, j) can be expressed recursively as this is LCSS(i−1, j−1)+1.
2. The last element does not match. In such a case, the last element of at least one
of the two strings needs to be deleted under the assumption that it cannot occur
in the matching. In this case, the value of LCSS(i, j) is either LCSS(i, j − 1) or
LCSS(i − 1, j), depending on which string is selected for deletion.
Therefore, the optimal matching can be expressed
⎧
⎪
⎨LCSS(i − 1, j − 1) + 1
LCSS(i, j) = max LCSS(i − 1, j)
⎪
⎩
LCSS(i, j − 1)

by enumerating these cases:
only if xi = yj
otherwise (no match on xi ) .
otherwise (no match on yj )

(3.21)

Furthermore, the boundary conditions need to be set up. The values of LCSS(i, 0) and
LCSS(0, j) are always equal to 0 for any value of i and j. As in the case of the DTW
and edit-distance computations, a nested loop can be set up to compute the ﬁnal value. A
recursive computer program can also be implemented that uses the aforementioned recursive
relationship. Although the LCSS approach is deﬁned for a discrete sequence, it can also be
applied to a continuous time series after discretizing the time-series values into a sequence
of categorical values. Alternatively, one can discretize the time-series movement between
two contiguous time stamps. The particular choice of discretization depends on the goals of
the application at hand.
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Figure 3.10: Shortest path versus homophily

3.5

Graph Similarity Measures

The similarity in graphs can be measured in diﬀerent ways, depending on whether the
similarity is being measured between two graphs, or between two nodes in a single graph. For
simplicity, undirected networks are assumed, though the measures can be easily generalized
to directed networks.

3.5.1

Similarity between Two Nodes in a Single Graph

Let G = (N, A) be an undirected network with node set N and edge set A. In some domains,
costs are associated with nodes, whereas in others, weights are associated with nodes. For
example, in domains such as bibliographic networks, the edges are naturally weighted, and
in road networks, the edges naturally have costs. Typically, distance functions work with
costs, whereas similarity functions work with weights. Therefore, it may be assumed that
either the cost cij , or the weight wij of the edge (i, j) is speciﬁed. It is often possible to
convert costs into weights (and vice versa) using simple heuristic kernel functions that are
2
2
chosen in an application-speciﬁc way. An example is the heat kernel K(x) = e−x /t .
It is desired to measure the similarity between any pair of nodes i and j. The principle of
similarity between two nodes in a single graph is based on the concept of homophily in real
networks. The principle of homophily is that nodes are typically more similar in a network
when they are connected to one another with edges. This is common in many domains such
as the Web and social networks. Therefore, nodes that are connected via short paths and
many paths should be considered more similar. The latter criterion is closely related to the
concept of connectivity between nodes. The ﬁrst criterion is relatively easy to implement
with the use of the shortest-path algorithm in networks.
3.5.1.1

Structural Distance-Based Measure

The goal here is to measure the distances from any source node s to any other node in
the network. Let SP (s, j) be the shortest-path distance from source node s to any node
j. The value of SP (s, j) is initialized to 0 for j = s and ∞ otherwise. Then, the distance
computation of s to all other nodes in the network may be summarized in a single step that
is performed exactly once for each node in the network in a certain order:
• Among all nodes not examined so far, select the node i with the smallest value of
SP (s, i) and update the distance labels of each of its neighbors j as follows:
SP (s, j) = min{SP (s, j), SP (s, i) + cij }.

(3.22)
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This is the essence of the well-known Dijkstra algorithm. This approach is linear in the
number of edges in the network, because it examines each node and its incident edges exactly
once. The approach provides the distances from a single node to all other nodes in a single
pass. The ﬁnal value of SP (s, j) provides a quantiﬁcation of the structural distance between
node s and node j. Structural distance-based measures do not leverage the multiplicity in
paths between a pair of nodes because they focus only on the raw structural distances.
3.5.1.2

Random Walk-Based Similarity

The structural measure of the previous section does not work well when pairs of nodes
have varying numbers of paths between them. For example, in Fig. 3.10, the shortest-path
length between nodes A and B is 4, whereas that between A and C is 3. Yet, node B should
be considered more similar to A because the two nodes are more tightly connected with a
multiplicity of paths. The idea of random walk-based similarity is based on this principle.
In random walk-based similarity, the approach is as follows: Imagine a random walk
that starts at source node s, and proceeds to an adjacent node with weighted probability
proportional to wij . Furthermore, at any given node, it is allowed to “jump back” to the
source node s with a probability referred to as the restart probability. This will result in
a probability distribution that is heavily biased toward the source node s. Nodes that are
more similar to s will have higher probability of visits. Such an approach will adjust very
well to the scenario illustrated in Fig. 3.10 because the walk will visit B more frequently.
The intuition here is the following: If you were lost in a road network and drove randomly,
while taking turns randomly, which location are you more likely to reach? You are more
likely to reach a location that is close by and can be reached in multiple ways. The randomwalk measure therefore provides a result that is diﬀerent from that of the shortest-path
measure because it also accounts for multiplicity in paths during similarity computation.
This similarity computation is closely related to concept of PageRank, which is used to
rank pages on the Web by search engines. The corresponding modiﬁcation for measuring
similarity between nodes is also referred to as personalized PageRank, and a symmetric
variant is referred to as SimRank. This chapter will not discuss the details of PageRank
and SimRank computation, because it requires more background on the notion of ranking.
Refer to Sect. 18.4 of Chap. 18, which provides a more complete discussion.

3.5.2

Similarity Between Two Graphs

In many applications, multiple graphs are available, and it is sometimes necessary to determine the distances between multiple graphs. A complicating factor in similarity computation
is that many nodes may have the same label, which makes them indistinguishable. Such
cases arise often in domains such as chemical compound analysis. Chemical compounds
can be represented as graphs where nodes are elements, and bonds are edges. Because an
element may be repeated in a molecule, the labels on the nodes are not distinct. Determining a similarity measure on graphs is extremely challenging in this scenario, because
even the very special case of determining whether the two graphs are identical is hard.
The latter problem is referred to as the graph isomorphism problem, and is known to the
NP-hard [221]. Numerous measures, such as the graph-edit distance and substructure-based
similarity, have been proposed to address this very diﬃcult case. The core idea in each of
these methods is as follows:
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1. Maximum common subgraph distance: When two graphs contain a large subgraph in
common, they are generally considered more similar. The maximum common subgraph
problem and the related distance functions are addressed in Sect. 17.2 of Chap. 17.
2. Substructure-based similarity: Although it is diﬃcult to match two large graphs, it
is much easier to match smaller substructures. The core idea is to count the frequently occurring substructures between the two graphs and report it as a similarity
measure. This can be considered the graph analog of subsequence-based similarity in
strings. Substructure-based similarity measures are discussed in detail in Sect. 17.3 of
Chap. 17.
3. Graph-edit distance: This distance measure is analogous to the string-edit distance
and is deﬁned as the number of edits required to transform one graph to the other.
Because graph matching is a hard problem, this measure is diﬃcult to implement
for large graphs. The graph-edit distance is discussed in detail in Sect. 17.2.3.2 of
Chap. 17.
4. Graph kernels: Numerous kernel functions have been deﬁned to measure similarity
between graphs, such as the shortest-path kernel and the random-walk kernel. This
topic is discussed in detail in Sect. 17.3.3 of Chap. 17.
These methods are quite complex and require a greater background in the area of graphs.
Therefore, the discussion of these measures is deferred to Chap. 17 of this book.

3.6

Supervised Similarity Functions

The previous sections discussed similarity measures that do not require any understanding
of user intentions. In practice, the relevance of a feature or the choice of distance function
heavily depends on the domain at hand. For example, for an image data set, should the color
feature or the texture feature be weighted more heavily? These aspects cannot be modeled by
a distance function without taking the user intentions into account. Unsupervised measures,
such as the Lp -norm, treat all features equally, and have little intrinsic understanding of
the end user’s semantic notion of similarity. The only way to incorporate this information
into the similarity function is to use explicit feedback about the similarity and dissimilarity
of objects. For example, the feedback can be expressed as the following sets of object pairs:
S ={(Oi , Oj ) : Oi is similar to Oj }
D ={(Oi , Oj ) : Oi is dissimilar to Oj }.
How can this information be leveraged to improve the computation of similarity? Many
specialized methods have been designed for supervised similarity computation. A common
approach is to assume a speciﬁc closed form of the similarity function for which the parameters need to be learned. An example is the weighted Lp -norm in Sect. 3.2.1.1, where the
parameters represented by Θ correspond to the feature weights (a1 . . . ad ). Therefore, the
ﬁrst step is to create a distance function f (Oi , Oj , Θ), where Θ is a set of unknown weights.
Assume that higher values of the function indicate greater dissimilarity. Therefore, this is a
distance function, rather than a similarity function. Then, it is desirable to determine the
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parameters Θ, so that the following conditions are satisﬁed as closely as possible:

0 if (Oi , Oj ) ∈ S
f (Oi , Oj , Θ) =
.
1 if (Oi , Oj ) ∈ D

(3.23)

This can be expressed as a least squares optimization problem over Θ, with the following
error E:


(f (Oi , Oj , Θ) − 0)2 +
(f (Oi , Oj , Θ) − 1)2 .
(3.24)
E=
(Oi ,Oj )∈S

(Oi ,Oj )∈D

This objective function can be optimized with respect to Θ with the use of any oﬀ-the-shelf
optimization solver. If desired, the additional constraint Θ ≥ 0 can be added where appropriate. For example, when Θ represents the feature weights (a1 . . . ad ) in the Minkowski metric,
it is natural to make the assumption of nonnegativity of the coeﬃcients. Such a constrained
optimization problem can be easily solved using many nonlinear optimization methods.
The use of a closed form such as f (Oi , Oj , Θ) ensures that the function f (Oi , Oj , Θ) can be
computed eﬃciently after the one-time cost of computing the parameters Θ.
Where possible, user feedback should be used to improve the quality of the distance
function. The problem of learning distance functions can be modeled more generally as that
of classiﬁcation. The classiﬁcation problem will be studied in detail in Chaps. 10 and 11.
Supervised distance function design with the use of Fisher’s method is also discussed in
detail in the section on instance-based learning in Chap. 10.

3.7

Summary

The problem of distance function design is a crucial one in the context of data mining
applications. This is because many data mining algorithms use the distance function as a
key subroutine, and the design of the function directly impacts the quality of the results.
Distance functions are highly sensitive to the type of the data, the dimensionality of the
data, and the global and local nature of the data distribution.
The Lp -norm is the most common distance function used for multidimensional data.
This distance function does not seem to work well with increasing dimensionality. Higher
values of p work particularly poorly with increasing dimensionality. In some cases, it has
been shown that fractional metrics are particularly eﬀective when p is chosen in the range
(0, 1). Numerous proximity-based measures have also been shown to work eﬀectively with
increasing dimensionality.
The data distribution also has an impact on the distance function design. The simplest possible distance function that uses global distributions is the Mahalanobis metric.
This metric is a generalization of the Euclidean measure, and stretches the distance values
along the principal components according to their variance. A more sophisticated approach,
referred to as ISOMAP, uses nonlinear embeddings to account for the impact of nonlinear
data distributions. Local normalization can often provide more eﬀective measures when the
distribution of the data is heterogeneous.
Other data types such as categorical data, text, temporal, and graph data present further
challenges. The determination of time-series and discrete-sequence similarity measures is
closely related because the latter can be considered the categorical version of the former.
The main problem is that two similar time series may exhibit diﬀerent scaling of their
behavioral and contextual attributes. This needs to be accounted for with the use of diﬀerent
normalization functions for the behavioral attribute, and the use of warping functions for the

